
CARTAN ON CARTAN-KÄHLER
LECTURE 16, MATH 8234

This note is based on sections 63-66 in É. Cartan’s EDS book.

Cartan’s Statement:

Assumptions:

pMn, Iq: real analytic EDS

M : connected

I: containing no degree-0 part

Suppose that rpEp´1q “ 0 for all regular Ep´1

pEpqO: an ordinary integral element based at O PM

pEp´1qO regular, contained in pEpqO

Vp´1 real analytic (regular) integral manifold tangent to pEp´1qO

Conclusion:

There exists a unique real analytic integral manifold Vp Ą Vp´1 tangent to pEpqO.

In his EDS book, Cartan proved the case when p “ 3.

Setting:

Can choose local coordinates pxi, zλq pi “ 1, 2, 3;λ “ 1, 2, . . . , n´ 3q such that:

O: xi “ 0, zλ “ aλ

pE3qO: dzλ “ aλi dx
i

pE2qO: dzλ “ aλi dx
i, dx3 “ 0

V2: x
3 “ 0, zλ “ Φλpx1, x2q subject to

Φλ
p0, 0q “ aλ, B1Φ

λ
|p0,0q “ aλ1 , B2Φ

λ
|p0,0q “ aλ2

Goal:

Look for a 3-dimensional integral manifold V3 given by

zλ “ F λ
px1, x2, x3q

with
F λ
px1, x2, 0q “ Φλ

px1, x2q pi.e., V2 Ă V3q

and
B3F

λ
p0, 0, 0q “ aλ3 pi.e., V3 is tangent to pE3qOq

Further Set-up:

In coordinates, suppose that I is algebraically generated by:

1-forms:
θα “ Aαidx

i
` Aαλdz

λ

2-forms:

φα “
1

2
Aαijdx

i
^ dxj ` Aαiλdx

i
^ dzλ ``

1

2
Aαλµdzλ ^ dzµ

pAαij “ ´Aαji, Aαλµ “ ´Aαµλq

assuming that dθα occur in φα
1
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3-forms:

ψα “
1

6
Aαijkdx

ijk
`

1

2
Aαijλdx

ij
^ dzλ `

1

2
Aαiλµdxi ^ dzλµ `

1

6
Aαλµνdz

λµν

pAαijk “ ´Aαjik “ ´Aαikj, etc.q

assuming that dφα occur in ψα

Therefore, V3 is an integral manifold if and only if the following expressions vanish:

Hαi :“ Aαi ` Aαλ
Bzλ

Bxi

Hαij :“ Aαij ` Aαiλ
Bzλ

Bxj
´ Aαjλ

Bzλ

Bxi
` Aαλµ

Bzλ

Bxi
Bzµ

Bxj

Hα123 :“ Aα123 `
ÿ

pijkq even
perm. of p123q

Aαijλ
Bzλ

Bxk
`

ÿ

pijkq even
perm. of p123q

Aαiλµ
Bzλ

Bxj
Bzµ

Bxk
` Aαλµν

Bzλ

Bx1
Bzµ

Bx2
Bzν

Bx3

Argument:

Group the H’s into two classes:

pAq : Hα1, Hα2, Hα12

pBq : Hα3, Hα13, Hα23, Hα123

Simple fact from linear algebra: If a matrix A (depending on parameters pα) has rank r at
ppα0 q, then, in a neighborhood of ppα0 q, rankpAq ě r.

Simple fact from calculus: If, on Rn, whenever x1 “ x2 “ 0, f is a linear function in x3 without
a constant term, then f is of the form

f “ Ax1 `Bx2 ` Cx3

where C is a function of x1, x2, and A,B are functions on Rn.

When

(1) xi “ 0, zλ “ aλ,
Bzλ

Bx1
“ aλ1 ,

Bzλ

Bx2
“ aλ2 ,

the expressions in pAq are identically zero. (This is because pE2qO is an integral element.)

Thus the polar equations are given by substituting (1) in the expressions in pBq, which become
linear in B3z

λ. The rank of these expressions must be n´ 3 since we have assumed rpE2q “ 0.
So we can pick a basis, the corresponding H’s being denoted

Hρ3, Hρ13, Hρ23, Hρ123.

Cartan called these expressions the principals. The rest in pBq are called non-principals. He
denoted the non-principals by

Hα13, Hα113, Hα123, Hα1123.

For values of xi, zλ, B1z
λ, B2z

λ near (1), whenever they (together with the condition dx3 “ 0)
determine a 2-dimensional integral element, the integral element will be regular, and the rank
of the polar equations (i.e., equations obtained by substituting those values in pBq) would be
n ´ 3, by regularity; they are spanned by the ‘principals’ (substitution made), by the linear
algebra fact mentioned above.

Since there are n´ 3 principals, it is not hard to see that the non-principals are linear combi-
nations of

Hα1, Hα2, Hα12, Hρ3, Hρ13, Hρ23, Hρ123
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with coefficients being functions of xi, zλ, B1z
λ, B2z

λ. (Exercise: Justify this.)

In particular, each Hα13 can only be a linear combination of Hρ3, because it has degree-1 in
Biz

λ and is independent of B1z
λ and B2z

λ.

First use of Cauchy-Kowalewski:

The vanishing of the n ´ 3 principals in the n ´ 3 zλ’s give rise to a determined system of
Cauchy form:

PDE :
Bzλ

Bx3
“ panalytic expression in xi, zλ, B1z

λ, B2z
λ
q,

I.C. zλpx1, x2, 0q “ Φλ
px1, x2q.

By Cauchy-Kowalewski, we obtain a unique solution zλpx1, x2, x3q. Let’s call the corresponding
integral manifold V3.

Is V3 an integral manifold of pM, Iq?
It suffices to verify that all the H’s vanish on V3. Because the principals vanish identically on
V3, it suffices to verify that

Hα1, Hα2, Hα12

vanish on V3.

Using I being differentially closed:

On V3, Hα3 are identically zero, since they are linear combinations of the principals Hρ3. There-
fore, on V3,

θα “ Hα1dx
1
`Hα2dx

2.

Differentiating this, we obtain

dθα “ ´B3Hα1dx
1
^ dx3 ´ B3Hα2dx

2
^ dx3 ` pB1Hα2 ´ B2Hα1qdx

1
^ dx2.

Since dθα occur in φα, B3Hα1 occurs inHα13 and is therefore a linear combination ofHα1, Hα2, Hα12.
Similarly, B3Hα2 occurs in Hα23 and is also a linear combination of Hα1, Hα2, Hα12.

Now, on V3,
φα “ Hα12dx

1
^ dx2 `Hα23dx

2
^ dx3 `Hα13dx

1
^ dx3.

dφα “ pB3Hα12 ` B1Hα23 ´ B2Hα13qdx
123.

Therefore, B3Hα12 ` B1Hα23 ´ B2Hα13 occurs in Hα123 and is, therefore, a linear combination of
Hα1, Hα2, Hα12.

Since, on V3, Hα23 and Hα13 are linear combinations of Hα1, Hα2, Hα12 with coefficients being
analytic functions in xi, B3Hα12 is a linear combination of

Hα1, Hα2, Hα12, B1Hα1, B1Hα2, B1Hα12, B2Hα1, B2Hα2, B2Hα12

Second use of Cauchy-Kowalewski:

In sum, on V3, B3Hα1, B3Hα2, B3Hα12 are all linear combinations of

Hα1, Hα2, Hα12, B1Hα1, B1Hα2, B1Hα12, B2Hα1, B2Hα2, B2Hα12

with coefficients being analytic functions in x1, x2, x3, the initial conditions being

Hα1px
1, x2, 0q “ Hα2px

1, x2, 0q “ Hα12px
1, x2, 0q “ 0.

Thus, Hα1, Hα2, Hα12 satisfy a determined Cauchy problem. By the uniqueness part of Cauchy-
Kowalewski, Hα1, Hα2, Hα12 are identically zero on V3.

This completes the proof.


