CARTAN ON CARTAN-KAHLER
LECTURE 16, MATH 8234

This note is based on sections 63-66 in E. Cartan’s EDS book.
Cartan’s Statement:

Assumptions:

(M™,Z): real analytic EDS

M: connected

Z: containing no degree-0 part

Suppose that r(E,_1) = 0 for all regular £, ,

(E,)o: an ordinary integral element based at O € M

(Ep—1)o regular, contained in (E,)o

V,—1 real analytic (regular) integral manifold tangent to (E,—1)o
Conclusion:

There exists a unique real analytic integral manifold V,, > V,,_; tangent to (E,)o.

In his EDS book, Cartan proved the case when p = 3.

Setting:
Can choose local coordinates (%, 2*) (i = 1,2,3; A = 1,2,...,n — 3) such that:
O: 20 =0, 2) =a*
(E3)o: d2* = a}da?
(Ey)o: d2? = arda?, dz® =0
Vo 23 =0, 2* = ®*(a!, 22) subject to
®(0,0) = a*, P00 = a7, RPN = a)

Goal:
Look for a 3-dimensional integral manifold V3 given by
2N = FMat, 2%, 1)
with
FA(a',2?,0) = Ma',2?)  (ie, Vo c V)
and
03F*(0,0,0) = a3 (i.e., V3 is tangent to (F3)o)

Further Set-up:
In coordinates, suppose that Z is algebraically generated by:

1-forms:

0, = Aydat + A,nd2?
2-forms:
- 1 A , A 1
Oo = §Aaijda:’ Ade? + Agindzt A d2? + +§Aawdz’\ A dzt
(Aaij = _Aaji7 Aoz)\,u = _Aa,u/\>
assuming that df, occur in ¢,
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3-forms:
1 ijk 1 ij A 1 i Al 1 Ay
Vo = éAaijkdx + §Am-j,\d:1: Adz? + §Aai,\“dx Adz™ + gAa/\/de

(Aaije = —Aajit = —Aairj, etc.)
assuming that d¢, occur in 9,

Therefore, V3 is an integral manifold if and only if the following expressions vanish:

o2
Hai = Aai + AoaA*
ox
o 0z 02 02+
Hoij = Aaiy + Ao gg = Ao s T Aongi
o2 02N Oz 022 0z 02"
Hoo3 := Aqi23 + Z Agija=— + 2 i T T A r T Aw T T3 5753
k oA k QARY A1 2 3
(igk) even 0z (ijk) even 0x? 0x 0z' 0z Oz
perm. of (123) perm. of (123)

Argument:
Group the H’s into two classes:

(A) : Hah Hoc2a Ha12
(B) : Hus, Hats, Hoos, Haos

Simple fact from linear algebra: If a matrix A (depending on parameters p®) has rank r at
(p§), then, in a neighborhood of (p§), rank(A) > r.

Simple fact from calculus: If, on R", whenever 2! = 22 = 0, f is a linear function in 2 without
a constant term, then f is of the form

f = Ax' + B2? + Ca?

where C is a function of !, 22, and A, B are functions on R".

When
A A A
4 0z 0z
(1) =0, 2=a, =a}, —— =aj,
ox! o0x?

the expressions in (A) are identically zero. (This is because (F3)o is an integral element.)

Thus the polar equations are given by substituting (1) in the expressions in (B), which become
linear in d32*. The rank of these expressions must be n — 3 since we have assumed r(Ey) = 0.
So we can pick a basis, the corresponding H’s being denoted

Hp37 Hp137 Hp237 Hp123‘

Cartan called these expressions the principals. The rest in (B) are called non-principals. He
denoted the non-principals by
Ho/3> Ha’137 Hoz’23a Ha’123-

For values of x%, 2%, 0,2*, 0,2* near (1), whenever they (together with the condition dz® = 0)
determine a 2-dimensional integral element, the integral element will be regular, and the rank
of the polar equations (i.e., equations obtained by substituting those values in (B)) would be
n — 3, by regularity; they are spanned by the ‘principals’ (substitution made), by the linear
algebra fact mentioned above.

Since there are n — 3 principals, it is not hard to see that the non-principals are linear combi-
nations of
Hala Ha27 Ha127 Hp37 Hp137 Hp237 Hp123
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with coefficients being functions of z%, 2%, 9, 2%, 02>, (Exercise: Justify this.)

In particular, each H,3 can only be a linear combination of H,3, because it has degree-1 in
0;2" and is independent of 0,2 and 27,

First use of Cauchy-Kowalewski:

The vanishing of the n — 3 principals in the n — 3 z’s give rise to a determined system of
Cauchy form:

o A
PDE : 6—23 = (analytic expression in z°, 2%, 0, 2%, 0,2%),
x
I.C. AMat, 22, 0) = Mot 2?).

By Cauchy-Kowalewski, we obtain a unique solution z*(z!, 2%, #3). Let’s call the corresponding

integral manifold V3.

Is V3 an integral manifold of (M,Z)?

It suffices to verify that all the H’s vanish on V3. Because the principals vanish identically on
V3, it suffices to verify that
Hozla Ha2a Hoz12

vanish on Vs.

Using 7 being differentially closed:
On V3, H,3 are identically zero, since they are linear combinations of the principals H,3. There-
fore, on V3,
0o = Hodz' + H,oda®.

Differentiating this, we obtain

db, = —03Hydzt A da? — OsHaoda?® A da® + (0 Hay — 03 Hyy)da!' A da?
Since df, occur in ¢, d3H,1 occurs in H,13 and is therefore a linear combination of H,q, Huo, Ha1o.
Similarly, d3H,2 occurs in H,93 and is also a linear combination of H,1, Hy2, Ha1o-
Now, on Vs,

G0 = Horpda A da? + Hypzda® A da® + Hypzda' A dz®.
dpe = (O3Haiz + 01 Hagz — OgHopz)dz'?,

Therefore, 03H 19 + 01Hy23 — 02 H 13 occurs in H,123 and is, therefore, a linear combination of
Heat, Haz, Hato.

Since, on V3, H,o3 and Hg3 are linear combinations of Hu1, Has, Hapo with coefficients being
analytic functions in z*, 03H,12 is a linear combination of

Heot, Hag, Hoto, O1Hoy, 01H g2, 01 Hoto, OaHot, OaHyg, O3 Hgo
Second use of Cauchy-Kowalewski:
In sum, on V3, d3H,1, 03H a0, 03H 412 are all linear combinations of
Heoi, Hagy Hoto, O1Hay, 01H g2, 01 Hoto, OaHat, OaHag, O3 H o
with coefficients being analytic functions in 2!, 22, 23, the initial conditions being
Hoy (2, 22,0) = Hao(z!, 2%,0) = Hypo(2', 2%,0) = 0.

Thus, Ha1, Hao, Haio satisfy a determined Cauchy problem. By the uniqueness part of Cauchy-
Kowalewski, H,1, Ha2, Ha12 are identically zero on V3.

This completes the proof.



