LAPLACE TRANSFORM 1

1. DEFINITION AND QUESTIONS

The definition of the Laplace transform is simple: For an appropriate function f(t),
the Laplace transform of f(t) is a function F'(s) which is equal to

F(s) = L{f(H)} = / " Ftyedt.

Naturally, just by looking at this expression, one might ask:

e What are the domain and range of this transformation?
e Is the transformation one-to-one? That is, does L{f(t)} = L{g(t)} imply f(t)=g(t)?
e [s the transformation linear?

e What does [~ mean?
e What is an application of Laplace transformation?

Let’s answer the first question:
What are the domain and range of the Laplace transformation?
To be more explicit, we are really asking:

For which functions f(t), and for which values of s is the integral

/0 b f(t)e *tdt

defined?
In fact, this improper integral is by definition the limit
A
lim / f(t)e *dt.
A—o0 0

Thus, we are asking, for which functions f(¢) does this limit exist? Before a characteri-
zation of such functions, let’s see some examples of the Laplace transform.

2. EXAMPLES

2.1. £{1}. By the definition of the Laplace transform,
A

L{1} = lim i 1-e *tdt
1 A
= lim (— Zemst >
A—o0 S t=0
1
= lim (— Ze A 4 1)
A—o00 S S

This limit converges to s~* for s > 0. Hence,

1
,C{l} = g, s > 0.
1
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2.2. L{t}. By the definition,

N
L{t} = Jim te *tdt

0
A A
— / e_Stdt]
t=0 0

_ ! lim (Ae™*4) + %ﬁ{l}

S A—

1
= lim ——[te_St
A—o00 S

For s > 0, the limit exists and we have
1
ﬁ{t} = 8—2, 5> 0.
2.3. L{t"}. Again,

A
L{t"} = lim e dt

A—o00 0
4 4 1 t
- nt" e ® dt]
t=0 0

_ ! lim (A"e™*4) 4 EE{t”_l}.
s

1
= lim —— [t”e_“
A—o00 S

S A—oo

For s > 0, by the L'Hopital’s rule, we have lim_,oo(A%e~*4) = 0. Therefore,
c{y ="y, s>
S

By induction,

" n! n!
2.4. L{cost}. By definition,
A

L{cost} = jim (cost)e *'dt
—00 0

Now we need to evaluate the integral [(cost)e *'dt. We approach this by calculating
the derivatives of (cost)e™®, (sint)e™*" with respect to t:

(1) (e ' cost) = —e *'sint — se " cost,
(2) (e *'sint) = e * cost — se”* sint.
So, (2) — s (1) gives

(e *'sint — se * cost) = (1+ s*)e * cost.

Therefore,

A
1 A
—st : —st
e *“cost dt = sint — scost)e
/0 1 + 82( ) |t:0

e—sA S

= 1+82(sinA—scosA) —i—m.
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For s > 0, taking A — oo gives

L{cost} = %

oL s> 0.
s

Remark. We will see a simpler way to find the Laplace transform of cosat and sin at
once we have the first shift theorem.

2.5. L{u.(t)}. Here

_J 0, tel0,¢)

ue(t) = { 1, te€c,00)
is called the Heaviside’s step function, where ¢ is a non-negative constant.
Again, we encounter the integral
A
/ uc(t)e *dt.
0

For A begin sufficiently large, this integral consists of two parts: integration on [0, ¢)
where u.(t) = 0 and integration on [c, A] where u.(t) = 1. Therefore,

A A

1
L{u.(t)} = lim u.(t)e *'dt = lim e *tdt = —e™*, s> 0.
A—o00 0 A—o00 ¢ S

3. THE “APPROPRIATE” FUNCTIONS

To which functions can one apply the Laplace transform?
First of all, we need the integral fOA f(t)dt to make sense, i.e., f(t) is integrable on
the intervals [0, A]. The function f(¢) being continuous certainly guarantees this. How-

ever, we can also allow a finite number of discontinuities, say 0 < 1 < 3 < ... <
xr < N, so the integral is the sum of the integrals of f(¢) on each of the intervals
[0, 21), [x1,22), ..., [Tk, N] where f(t) is continuous. Such functions are called piecewise

continuous on the interval [0, N]. A function is said to be piecewise continuous on [0, c0)
if it is piecewise continuous on any [0, N|, N > 0.

Secondly, we need the limit lim4 .o fOA f(t)e ®dt to exist. Intuitively, fixing s, this
is saying that the signed area of the region enclosed by the graph of f(¢)e™" and the
x-axis is finite. One implication is that f(¢) should not increase too fast. For instance,
for s = 1 and f(t) = €', we have f(t)e™** = 1 and the limit of the integral does not
exist. Also note that for the same f(¢), the limit of the integral exists for s > 1. More
generally, if f(t) = Me™ for some M, « > 0, then the limit

N

N
lim Me®e 5tdt = lim Mel@9tqt = lim

(e(afs)N . 1)
N—oo /g N—oo Jq N—oco (¥ — §

exists for all s > a. What is nice about this fact is that it actually brings a good amount
of “appropriate functions” into our sight, based on the comparison theorem below.

Theorem. If f(z) and g(x) are piecewise continuous functions defined on [0, 00) and
|f(z)] < g(x), then the convergence of fooo g(x)dx implies the convergence of fooo f(z)dz.

The following corollary of the theorem tells us which functions are “appropriate” to
be put in the Laplace transform.
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Corollary. Based on the theorem, we can say that if (a) f(t) is piecewise continu-
ous on [0, N| for any N > 0 and (b) it is of the exponential order, then fooo f(t)e =tdt
converges on the interval (a, co) for some a > 0.

Note: A function f(t) is said to be of the exponential order if there exist constants
M, « > 0 such that |f(t)] < Me* on [0, 00).

From now on, we confine ourselves to the category of functions which satisfy the condi-
tions in the corollary above and call these functions “appropriate”. As an exercise, you
can check that all the f(¢)’s in the previous section are appropriate.

4. PROPERTIES OF THE LAPLACE TRANSFORM

4.1. Linearity. The Laplace transform is linear. In fact, for f(t), g(t) appropriate func-
tions and L{f(t)} = F(s), L{g(t)} = G(s), both defined for s € (a,00), and any
constants a, b, we have that

C{af(t) + by(t)} = / " (af(t) + bg(t))edt

/ f(t)e *tdt + b/ g(t)e tdt
= aL{f()} + 0L{g(1)}.
is defined for s € (a, 00). This proves the linearity.

4.2. First shift theorem. If f(¢) is appropriate and F(s) = L{f(t)} is defined for
s € (o, 00), then
L{"f(t)} = F(s — a)
is defined for s € (a + a, 00).
Proof. By definition,

L{e™ (1)) = / e p(t)etdt

/ f —(s atdt

=F(s—a)
Since we know that F(s) is defined for s € (a, 00), F(s —a) is defined for s € (a+a, 00).

Remark. The first shift theorem works for complex-valued a. For instance, letting
a = 1, we have

1 S+1
at'l — — )
L{e } s—a s2+1

On the other hand, by linearity,
L{e"} = L{cost} +iL{sint}.
Hence, comparing the real and imaginary parts, we have

5 . 1
T ,C{smt}:82+1.

L{cost} = .
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4.3. Second shift theorem. If f(¢) is appropriate and F(s) = L{f(t)} is defined for
€ (a,0), then

LLucO) f(t —c)} =e“L{f(1)} = “F(s), s>a.
Proof. First, you may want to convince yourself that the function wu.(t) f(t — ¢) is indeed

the result of shifting f(¢) to the right by c.
By definition,

Clu(t)f(t— )} = / B F(t — )t

= /00 f(t—c)e dt

- / et g=i-0

/ F(e)ede

=e *“F(s s>«
4.4. Relation to the derivatives.

4.4.1. L{f'(t)}. Before stating the conditions on f(t), let us calculate formally the
Laplace transform of f’(t):

C{f(0) = / " F(e .

Now, using integration by parts (formally), we obtain
Ly = e / Ft)e "t
=—f(0) + Sﬁ{f

Back to the question: what are the conditions on the function f(¢)? First, the result
above involves the Laplace transform of f(t) and f’(t), so it is reasonable to have both
f(t), f'(t) as being appropriate, i.e., piecewise continuous and of the exponential order.
Second, by the fundamental theorem of calculus, the integration by parts only applies
to functions that are continuous. You may wonder, isn’t f(¢) continuous if f’(t) exists?
Remember, in our context, finitely many discontinuities can exist and f’(t) may only
exist piece-wisely. So, we enforce another condition, that is, f(¢) is continuous. To sum-
marize, we state this as a proposition:

Proposition. If f(t) is continuous and f(t), f’(t) are appropriate, i.e., piecewise con-
tinuous and of the exponential order, then

L)} = —f0)+sL{f(®)}, s>a

for some a > 0.
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4.4.2. L{f™(t)}. The previous derivative property can be applied successively, and the
result generalizes to higher derivatives.

Proposition. If f(t), f'(t),..., f™1(t) are continuous and if f(¢),..., f™(t) are ap-
propriate, then

LU0} = "L (B} = 577 1(0) = 210 =+ = f00(0), 5 >a

for some a > 0.

Note, in particular, that when n = 2, this is just
L{f"(t)} = s*L{f(1)} — sf(0) = f'(0), s> a.

4.4.3. L{tf(t)}. Let us calculate L{tf(t)} formally by the definition

L{tf(t)} = /OOo tf(t)e *tdt

d [o¢]
== t)e stdt
i ) e

d
= L)
d

Here we have implicitly interchanged the order of integral and derivative. Particularly,
assuming the integral to be absolutely convergent ensures this. Of course, the result
above can be extended to

LU0} = (1" L),

As an exercise, you can prove this formula, then use it to find £{t"}.

5. INVERSE LAPLACE TRANSFORM

At the beginning of this notes, we asked the question: Is the Laplace transform one-
to-one? In other words, could two different functions share the same Laplace transform?
An answer to this question is given by the following theorem.

Theorem.(Lerch) For a function F(s), the inverse Laplace transform L£7'{F(s)}, if
it exists, is unique in the sense that we allow a difference of function values on a set that
has zero Lebesgue measure (meaning: a subset of R that is negligible for integrals).

For example, since we have £{1} = s~!, by the theorem, we know that £ *{s™'} =1
and that the 1 on the right hand side of this equality is a representative of all the func-
tions that has the Laplace transform being s, which are equal to f(¢) = 1 except on
negligible sets.

In practice, how can one figure out the inverse Laplace transform of a function? Given
what we know so far, one can look at the function and ask: (1) Is it the Laplace transform



LAPLACE TRANSFORM I 7

of some familiar function? (2) If not, does it appear like the Laplace transform of the
derivative/shift /t-multiple of a familiar function? For example, consider the function

1
PO = o052
If we rewrite it as
1
F(s)= ——
(s) TESEESL
we recognize that if we have a function g(¢) whose Laplace transform is
1
¢ =1

then F'(s) is G(s) shifted to the right by 1, and by the first shift theorem, f(t) is simply
e'g(t). By the list of Laplace transforms that we’ve computed, we have that ¢g(t) = sint;
hence,

f(t) = e'sint.

6. SOLVING INITIAL VALUE PROBLEMS

In this section, we apply the Laplace transform to solving differential equations. The
idea is simple: After a Laplace transform, certain differential equations for y(t) get
transformed into algebraic equations for F'(s) whose solutions can be found using algebra.
Once we've found F'(s), we apply the inverse Laplace transform to get y(¢). This is
summarized in the diagram below:

Differential r Algebraic
Equation Equation
in y(t) in L{y(t)}
i _
L1 L{y(t)} =
o (o)

FIGURE 1. Solving a Differential Equation Using the Laplace Transform

Example 1. We apply the Laplace transform to solve the initial value problem:

y'—y —2y=0, y(0)=1,9(0)=0.
First, transform on both sides of the equation and use the initial conditions, we obtain:
L{y" —y =2y} = (s*F(s) — sy(0) — y'(0)) — (sF(s) — y(0)) — 2F(s)
= (s> =5 —2)F(s) — s+ 1,
£{0} = 0.
Hence,
s—1 s—1

F(S):s2—s—2: (s —2)(s+1)
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Note that we are in a situation of using partial fractions; in fact, let
A N B s—1
s—2 s+1 (s—2)(s+1)

This gives us
A(s+1)+B(s—2)=(A+B)s+ (A—-2B)=s—1.
Comparing the coefficients of s gives that

A+B=1  A-2B=-1.

We obtain
1 2
A=—, B=-
3 3
Thus,
1 1 2 1

F(s) = - -
) =355 3501

By the linearity of the Laplace transform, first shift theorem, and the fact that £{1} =
s~1, we obtain:

o0 = £HF(s)} = 5+ 2o

which is the solution of the initial value problem.

As we can see, this procedure is quite “algorithmic”. However, it may sometimes re-
quire a bit of thought, and experience, to cope with the last step: finding the inverse
Laplace transform of F'(s). Here is an example in which £7'{F(s)} may not look obvious
at first sight.

Example 2. We apply the Laplace transform to solving the initial value problem
y'+y=sint,  y(0)=2,y'(0)=1.
The first steps are routine:
L{y" +y} = s*F(s) —9/(0) — sy(0) + F(s) = (s* + 1)F(s) — 25 — 1,

1

L{sint} = R

Thus,
1 14 2s
F(s) = .
)=y T iee

Now, in the expression of F(s), we know what the inverse Laplace transform of the
second term is; however, what is £71{(1 + s?)72}? This is not obvious from the list of
Laplace transforms, nor from the shifting properties. However, one may realize that this
has something to do with the derivative of the functions s(1+s*)~! and (1+s%)~!, whose
inverse Laplace transforms are well known. Also, we might need to used the derivative

property:

LA} = ().
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In fact,
d s 1 25> 1—¢?
ds1+s> 1+ (1+s2)2 (1+s2)?
—1—52+42
B
2 1
_(1+s2)2_1+52'
Therefore,

1 _1ld s n 1 1
(1+s2)2  2dsl+s2 21+ s2
Hence, we can use the linearity and one of the derivative properties and get

1 1
L1+ = —Etcost +3 sin t.

Conclusion:
y(t) = LA+ + (1+25)(1+ 7)1}

1 3
= —Etcost—i— §sint—|—2(:ost.



