DARBOUX INTEGRABILITY OF HYPERBOLIC SYSTEMS AND LIE’S THEOREM

YUHAO HU

At the start of Chapter VII, Volume II of Legons sur L’Intégration des Equatz'ons auxr Dérivées Partielle du
Second Ordre, E. Goursat wrote:

Pendant de longues anneées, apreés la publication des Mémoires d’Ampére (1814-1819), il n’a été ajouté
rien d’essentiel a la théorie qu’il avait développée...L’année 1870 marque une date importante dans
Uhistoire de cette théorie; c’est en effet en mars 1870 que fut présenté a l’Académie des Sciences un
remarquable Mémoire de M.Darbouz, ot se trouvent des vues profondes et originales... (For long years
after the publication of Memoirs of Ampere, nothing essential has been added to the theory he had
developed...The year 1870 marks an important time in history of this theory; indeed, it is in March,
1870 that a remarkable Memoir by Darboux was presented to the Academy of Sciences, where profound
and original views were obtained...)

The “profound” view of Darboux, as Goursat puts it, is a method of integration which enables one to
solve certain types of hyperbolic PDEs with ODE techniques alone. With the more recent theory of exterior
differential systems (EDS), this method has an geometric interpretation and that solutions can be found by
integrating ODEs is almost immediate once the geometric picture is established. To explain this, I follow the
approach taken by the more recent [BGH] and define hyperbolic exterior differential systems of class s and
their characteristic systems; then, with a theorem which shows existence of certain adapted coframings, I define
what’s called Darboux integrability at level k and show by another theorem how(and why) Darboux’s method
works. These will be the topics for first part of the note.

A natural question that follows the Darboux’s theorem is: Which hyperbolic systems are Darboux integrable?
A moment’s thought suggests that perhaps a more refined way of formulating this question is by asking: Which
hyperbolic systems of class s are Darbouz integrable at level k7 Depending on the value of the two parameters s
and k, the previous question can be either almost trivial to answer, or quite difficult with any theory available.
For instance, in the case that class s = 0, Darboux integrability at level k = 0 is trivial; Darboux integrability
at level k& = 1 for non-degenerate systems is classified as having only two types up to local equivalence (see
[BGH]). In the case that s = 1, it is an immediate consequence of the G-structure equations that the only
Monge-Ampere systems that are Darboux integrable at level k = 0 are those equivalent to the classical wave
equation zz, = 0. By contrast, to my best knowledge, a complete classification of Monge-Ampere systems that
are Darboux integrable at level k = 1 remains unknown to this day.

In light of the difficulty of classifying Darboux integrable systems as the parameters (s, k) grow large, the
following Theorem of S.Lie appears to me as remarkable:

Theorem(S.Lie) The only f-Gordon equations

that are Darbouz integrable at any level are locally equivalent to either the wave equation zyy = 0 or the Liouville’s
equation 2z, = €*.

This theorem will be explained in the second part and is the main purpose of this note. The proof of Lie’s
theorem I present follows almost verbatim the arguments in E.Goursat work.

1. HypPeErBOLIC EDS, CHARACTERISTIC SYSTEMS AND DARBOUX INTEGRABILITY

Definition. An eaterior differential system (M*+t* T) is said to be hyperbolic of class s if there ewists a
coframing (01, ..., 0, w*, w? w3, w*) on M so that

T ={01,0,....00,w" Aw? w® Aw}a,.

Such coframings are said to be 0-adapted to the differential system (M,T).
Let (M, Z) be a hyperbolic EDS of of class s with a local 0-adapted coframing (61, ..., 0, w?, ..., w?) as defined
above; and suppose that E = (v) is a 1-dimensional integral element of (M,Z) based at p € M. The polar
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equations for H(F) are clearly given by the vanishing of the 1-forms:
01,00, ....0,,v 3 (W Aw?), v 0 (WP Aw?).

Thus, H(FE) has exactly dimension 2 (that is, F admits a unique extension to a 2-dimensional integrabl element)
if and only if these 1-forms correspond to a system of linear equations of rank s + 2 on T, M. Equivalently
speaking, F' is a characteristic integral element if and only if either

(i) 01(v) = 02(v) = ... = 05(v) = W' (v) = W (v) = 0,
(i)  61(v) = 02(v) = ... = 05(v) = W3(v) = w(v) = 0.
This motivates the

Definition. Let (M, T) be a hyperbolic EDS of class s, for which (01, ...,0,,w", ...,w*) is a 0-adpated coframing.
The 0-th characteristic systems of (M,I) are defined as the pair of Pfaffian systems:

EIO = {ela '~-a987wlaw2}7
501 = {91, ...,95,w3,w4}.

Since the characteristic integral elements are intrinsic to a differential system, it is immediate that =19 and Z¢,

up to a switch of roles, are independent from the choice of 0-adapted coframings. Furthermore, the geometry
of the characteristic variety = of (M,Z) and the space of the first prolongation M () can be learned from a
sequence of observations, as follows.

1. By the characteristic equations, the characteristic integral elements within 7}, M are precisely
all the 1-dimensional subspaces of the two vector spaces

VlO = <90, ...,Gs,wl,o.)?);y V01 = <007 ...795,w3,w4>;‘.

Since Vig N Vo1 = {0}, it follows that the characteristic variety = of (M,Z) is an (RP* II RP!)-
bundle over M.

2. Let v € Vig,w € V1 be nonzero vectors, it is clear that the plane (v, w) is an integral element
of (M,T). In other words, any projective line in RP? intersecting both RP!-components in the
fiber Z, is a 2-dimensional integral element of the hyperbolic system.

3. Let By C T, M be a 2-dimensional integral element. It is easy to see that, restricting to Es,
the 1-forms w!,w? are linearly dependent, so are w® and w?*. Moreover, (w!, w?, w?, w?) restricts
to E to have rank 2, thus one may assume that w!|g,,w?|g, are independent. As a result, the
equations w! = 0 and w? = 0 each define a 1-dimensional subspace of E, which is characteristic.
Therefore, we have that the projective line in RP? 22 P(T, M) determined by any 2-dimensional
integral element must intersect each of P(Vyg) and P(V1) at a point.

4. One learns immediately from the previous two observations that the space of the first
prolongation M™) is a (RP' x RP!)-bundle over M.

As for the differential ideal Z(), if we restrict to an open set in M (1) consisting of 2-dimensional integral elements
of (M, T) at which the 1-forms w',w? are independent, then M) has fiber coordinates (hy, h3) with E; € M)
being defined by
By = {(b1,....,0,,w* — hw!,w? — h3w3>l.
In this setting, locally, Z(1) is simply the Pfaffian system
W = {6y, ..., 0,,w* — hyw!,w* — haw® g,

where the 1-forms are, of course, the pull-backs of respective forms on M. As a result, there exist functions 7%
defined locally on M) such that

dw' = T'w' A w3 mod 6y, ..., 0,5, w? — hjw!, w?* — haw?.
A simple calculation leads to

df, =0
d(w? — hiw!) = —(dhy + (M T! — T?)w3) A w! mod 61, ..., 0,, w? — hiw!', w* — haw?.
d(w* — haw3) = —(dhz + (h3T? — THw!) A w?

Hence, by introducing the 1-forms
91() = OJ2 — hlwl, 9()1 = UJ4 — h3w3, 20 — dh1 + (thl — T2)(JJ37 T2 = dhd + (h3T3 — CZ-‘AL)(/Jl7
we see that (M(l),l'(l)) is a hyperbolic system of class s + 2 with a local 0-adapted coframing:

1 3
(01, ...,05,010, 001, T20, W™, T2, W").
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Needless to say, the k-th prolongation (M (k),I(k)) is hyperbolic of class s 4+ 2k and 0-adapted coframings can
be constructed iteratively from one on (M,Z). In fact, 0-adapated coframings on the k-th prolongation can be
refined so as to satisfy certain structure equations. In particular, the following proposition is proven in [BGH].

Proposition. Let (M, Z) be a hyperbolic EDS of class 5. On the k-th prolongation (M ™) Z())  a local coframing
(01,...,05,010, ..., 0k0, 001, ..., b0k, Tt 1,0, W10, T0, k41, Wo1)

exists satisfying
k
) = {01, ...,05,010, ..., 00,001, .., Ook, Tht1,0 A W10, To, k41 A Wot Jalg

and
dOro = —Tr11,0 A wio + Trowor A o1 mod 64, ...,0,, 010, ..., Oro,
dOor, = —m0,k+1 A wor + Torwio A 10 mod 64, ...,0s, 001, ..., ok,
dfjo = —0j41,0 Awio + Thowor A o1 mod 61, ..., 85, 6ho, ..., 050,
dfo; = —00,j4+1 N wor + Tojwio A bro mod 61, ...,0,,001, ..., Oo;,
db, = P,010 N wig + Qo001 N wor mod 04, ..., 0,

where a =1,....s, and j =1,....k — 1. Such coframings are called 1-adapted to the system (M(k),I(k)).

The proof of this proposition is by induction and constructive in nature. Though not mentioned explicitely
in the paper [BGH], one can insert a parellel argument along with the inductive steps which leads to the fact
that the pair of (partial) flags

fl(Ck):) :(<01, ceey 95> C <01, ceey 03, 910,W10> C ... C <01, ceey 03, 910, ceey (‘)ko,ww)
C (B s 05, 010, vy Ok, Tot1,0, wio) © Ty MK,
FE =((01, 0, 05) C (01, 00y 0, B01,001) C wve C (01, +vvs O, 001, ey Boges 1)
C <917---795,901,~~~,90k;7fo,k+1,w()1> C Ty M®)

are well-defined at any = € U for some open U C M) This observation motivates the definition of the k-th
characteristic system associated to (M, ).

Definition. The k-th characteristic systems Hgo), :gi) of (M,Z) are locally defined as the Pfaffian systems:
ulo ={01,...,0s,610, ..., 00, Tht1,0, W10 }aiff

uol ={01,....,05,601, ..., b0k, 0 k11, Wo1 } it -

I remark that on any integral surface of (M (k),I(k)) the characteristic systems H( ) and ugg) restrict to be
rank-one Frobenius systems, whose integral curves endows the integral surface with two foliations by character-
istic curves.

We are now prepared to define the Darboux integrability of a hyperbolic system.

Definition. A hyperbolic system (M,T) of class s is said to be Darboux integrable at level k if there exist

rank-two Frobenius systems A%) C Eg’g) and A(()li) - :g’i) such that the associated vector bundles satisfy the
independence conditions

k k
AP N IW) =a8 N I®), = (0).

Since the k-th characteristic system _( ) of T is properly contained in the 0-th characteristic system ~10(I(k))
of the k-th prolongation of Z, it is clear that if 7 is Darboux integrable at level k, then Z(*) is Darboux integrable

at level zero. This directs us to first considering the case when (M, 7) is a hyperbolic system of class s and is

Darboux integrable at level zero. Let (01, ..., 05, w!, w?, w3, w*) be a 0-adapted coframing and

E'10 == {013 "'3087w13w2}7
501 = {91, ...7957603,(,04}.

By the assumption, 219 (resp. Zp1) has two independent local first integrals X, Y : M D> U — R (resp.
P,Q: M DU — R) whose exterior differentials do not lie in Z; . In particular,

EIO = {ela ey 087 an dY}7

E'01 = {917 a3 057dP, dQ}
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Let v: (—€,e) = U C M be a non-characteristic initial curve for (M,Z). This means that (i) 7' is everywhere
annihilated by 01, ..., 05; and (ii) (dX,dY") (resp. (dP, dQ)) restricts to v to be rank-one. As a result, by choosing
a smaller € if needed, vxy : (—¢, €) — R? defined by

Txy () = (X(v(1), Y (+(1)))

is an immersed curve in the XY-plane. One similarly defines ypg as a curve in the PQ-plane. Thus,

(vxy X 7pQ)(s,t) = (vxv(s),7pq(t))

defines an immersed surface S in the XY P@-space. I also point out that, since, on U, dX AdY AdP A dQ # 0,
the map

7= (X,Y,P,Q): U - R*

is a local submersion. Moreover, T maps the curve 7 to the diagonal of the immersed S. Hence, 7=1(S) C U is
a codimension-two submanifold of M which contains the initial curve v and on which dX AdY = dP AdQ = 0.
That is, the differential system Z restricts to 7= 1(S) to be an integrable Pfaffian system of rank s and 7=1(S)
is foliated by integral surfaces of Z. In particular, v C 7~ 1(8S) lies in a unique such integral surface. Noting
that a Frobenius system can be integrated by ODE techniques, essentially we have proven the

Theorem. If (M,T) is a Darboux integrable hyperbolic system, then (locally) given any initial integral curve =,
there exists a unique integral surface S of (M,T) containing v; and S can be found by integrating a Frobenius
system, i.e., by solving ordinary differential equations.

As a trivial example, the wave equation in the plane z;, = 0 can be established as a hyperbolic system on
the zyzpg-space M = J'(R?,R) with the differential ideal

T = {dz — pdx — qdy,dp N dz,dq A dy}.

It is obvious that the characteristic systems admit {dp, dz}, {dq, dy} as rank-two integrable subsystems. The sur-
face S determined by an non-characteristic initial curve y generally take the form S : (s,t) — (x(s),p(s), y(%), ¢(t)).
The space 7~ *(8S) is parametrized by z, s,t and Z restrict to be generated by the single 1-form

dz — p(s)a'(s)ds — q(t)y' (t)dt,

which is clearly closed. As a result, 2 takes the form 2(s,t) = F'(s) + G(t). If 2'(s),y/(t) # 0, then we can write
s = s(x),t = t(y) and obtain the familiar z(z,y) = F(s(z)) + G(t(y)) = F(z) + G(y).
A less trivial example is the Liouville system
Uy = e’
vy = €Y

This corresponds to a hyperbolic EDS on the xyuv-space M C J°(R? R?) with the differential ideal
Z = {(du — €'dy) A dzx, (dv — e"dz) A dy}.

Clearly, (M,Z) is not Darboux integrable at level zero, but it turns out that it is Darboux integrable at level 1.
Technically, checking this amounts to computing the characteristic systems of the first prolongation (M), (1)
and their derived systems. Once the rank-two Frobenius subsystems A%) and Aéll) are obtained, manipulating
the 1-forms so that they become closed leads to the four first integrals X,Y, P, @, expressed as functions of
x,y,u,v,D,q, where p,q are new coordinate functions introduced on MY, Given an non-characteristic initial
curve 7, the corresponding surface S is then given in coordinates S : (s,t) — (X (s),Y(s), P(t),Q(t)). Now
7 1(8) submerses onto S, thus, restricting to 7~*(S), four of the functions among z,y,u,v,p, q, say u,v,p, g,
can be locally solved for in terms of the rest of the variables and s,¢; then the differential ideal pulls back to
the xyst-space to be a rank-two Frobenius system, whose first integrals can be found without much difficulty.
What’s notable about the Liouville system is that its solutions satisfy

— _ yutv
uxy = 'Uzy =€ .

Hence, u + v satisfies the Liouville equation

Zgpy = 2€°.
Thus, in certain sense, we have seen that both the planar wave equation z;, = 0 and the Liouville equation
Zyy = €° are Darboux integrable at some level. These two types of equations are special cases of the more

general f-Gordon equations z;, = f(z). By a theorem of Sophus Lie in 1880, these are the only f-Gordon
equations are Darboux integrable at any level. I will discuss Lie’s proof in the next section.
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2. LIE’S THEOREM ON DARBOUX INTEGRABILITY

Lie’s proof of the theorem stated in the introduction of this note can be seen to be carried out in three steps.

1. Establish the hyperbolic exterior differential systems (M, Z) corresponding to the f-Gordon

equation z;, = f(z), compute the k-th characteristic systems EYB), E(()li), and notice that dx €

Eg’g) and dy € Eéﬁ). Observing symmetry, one only needs to work in one of the characteristic

syst = (k)
ystems, say, =, -

2. Show that any first integral 1 for EYS) must be the first integral of a rank-two distribution

Dso which is a sub-distribution of the completely integrable (9,, 0y, 0,0y, , .., Opy ., ) on M*).
3. Show that if (f')? — f”f # 0, then the infinite derivation D5S is a corank-one subbundle of

(Oz, 0y, 02,0p, 5 -y Op, ., ), hence x is the only first integral of EYS). (For a distribution D, the
k-the derivation D* is defined inductively via D° = D and D**! = D* U [D*, D*]. The infinite

derivation D* is by definition J;-, D".)
Step 1. To start with, note that z,, = f(z) can be established as a hyperbolic EDS on M = J!(R? R) with
coordinates (x,y, z,p1,¢q1). The 1-forms
0 = dz — prdz — q1dy,
mi0 = dp1 — f(2)dy,

w1 = dz,
o1 = dq1 — f(2)dx,
wor = dy

form a 0-adapted coframing on M such that the differential ideal Z can be written as
Z = {6, 7m0 A wio, To1 A wot }alg-

To compute the first prolongation (M(l),I(l))7 we introduce extra coordinates po,go on M) such that a
two-dimensional integral element based at (z,y,z,p1,q1) € M (1) is determined by the vanishing of the 1-forms
0,10 — pedx, To1 — g2dy.

If we let
1o =m0 — p2dx, BOo1 = o1 — q2dy,
then the prolonged differential ideal is simply the Pfaffian system
M = {0,610, 001 }aisr-
Exterior differentiating 019 and g1 gives
db1o = —(dpz — f'(2)prdy) A dx mod 6,
dbor = —(dgz — f'(2)q1dx) A dy mod 6.
So we could put
20 = dps — f'(2)p1dy,
mo2 = dgz — f'(2)qudz,
and the coframing {6, 610,601,720, dz, To2, dy} becomes automatically I-adapted for (M™,Z(M). Soon one

=(k) )
0

realizes the symmetry between computing the systems =;, and Eé’i , so I shall from now on present only the

results leading to EYS) for brevity.
Naturally, on M2, ps is introduced and
t20 = a0 — p3dz,

is one of the generators for Z(?). Differentiation gives

b0 = —(dps — (f'(2)p2 + ["(2)(p1)*)dy) Adz  mod 6,610,
hence 73 can be introduced as
w30 = dps — (f'(2)p2 + " (2)(p1)*)dy,
such that
dfyg = —m30 N dx mod 6, 6.
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If we continue, on M®), p, is introduced and

B30 = T30 — padz,
d30 = —(dps — (f'(2)ps + " (2)(p1)® + 3f" (2)p1p2)dy) A da, mod 6, 619, O20.

Hence, 7409 can be given as

ma0 = dps — (f'(2)ps + £ (2) (1) + 31" (2)p1p2)dy.
Having in mind what is going on simultaneously for the (0:¢)-subindexed forms, I point out that (8, 619, ..., fos,
40, dx, Toa, dy) is automatically a 1-adapted coframing for (M (3),1'(3)) and that the 3" characteristic systems
of (M,Z) are simply
E%) = {0,010, 020, 030, 40, dx},
Eé?i) = {0,001, 602, 003, 04, dy}.
It is possible now to examine some patterns for the coframes introduced on M®*), which I summarize as the
following
Lemma 1. A I-adapted coframing {6,610, ..., 0ko, 001, -, Ook, Tk+1,0, d2, 7o k41, dy} for (M(’“),I(k)) can be con-
structed progressively such that
deO = —0j+170/\d$ mod 9,910,920,...,9]'_170, (] = 1,...,]4}— 1)
dfro = —Tk41,0 ANdz mod 6‘,910,...,9}671’0,
Tht1,0 = dpr1 — (f (2)pr + Qr—1)dy,
Oi0 = dp; — (f'(2)pi—1 + Qi—2)dy — piyadz,  (i=1,..,k)

and similarly for 60o;, Ook, To,k+1 and Og k1. Here Q; are polynomials in p1, ..., p; whose coefficients are functions
of z. For non-positive i, we put p;, Q; to be identically zero.

As a result of the lemma, the k-th characteristic system Egla) of (M,T) is

55’8) = {0,010, ..., 0k0, Thy1,0,dx},

and an obvious first integral of Egg) is the function z.
To summarize Lie’s further observations, I name polynomials in py, ..., p; with coefficients being functions of
z as z-polynomials of level i. In addition, we make the

Definition. Let the weight of a nonzero z-monomial P = g(2)pi*...pir be defined as w(P) = iy + 2ig + ... +7i,,
and define the weight of a z-polynomsial to be the mazimum among the weights of its nonzero terms. For
completeness, let w(0) = —oo.

Then it is easy to prove by induction the following
Lemma 2. The z-polynomials Q; (i > 1) constructed in Lemma 1 satisfy

Proofs of Lemma 1 and Lemma 2 will be given in Appendix II.

Step 2. Suppose that 9 is a first integral for Eglg). By the expressions of the 1-forms 0,019, ..., 0r0, Tr+1,0 given
in Lemma 1, v must be independent of ¢, ..., qx+1. As a result,

_(ow v oy o -~ —h)

Of course, the coefficient of dy in the equation above must vanish. Since 9 is a function of x,y, z, p1, ..., Pr+1,
and that %ql is the only term involving some ¢; in the coefficient, we have obtained the two equations

{ A(y) =0,
B(y) =0,
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where A, B are vector fields on M®*) given by

0
A= P
9 o o B
B= 87y+f(z)87pl+f (Z)Plafm'?;(f (Z)pzfl-i-Qz#)aipi'

Clearly, {A, B} pointwisely span a rank-distribution Do on M®*) and 1) is a first integral of Dyg.

Step 3. The rest of the proof amounts to taking Lie brackets in clever ways so as to lead to the desired rank
argument about Dfj.
First, we compute

0 s 0Qi_2\ 0
gl v // v i
A.B)= 1)+ 1 (I +Z( o + 2022 )

Comparing the expressions of [A4, B] and B, Lie had the idea of considering the combinations
f'(2)B = f(2)[A,B], ["(2)B~— f'(2)[A,B],

and noted that, if (f')? — f f is non-vanishing, then one can scale to obtain

1 , i 0 o = )
M:W(f(Z)B*f(Z)[A,B]):Wa +p1 JrZPz 1+ Si- 2)az
1 £ k+1
N = (f/)g — f//f(f (Z)B - f (Z)[AvB]) = _(,f/) f,,f 6y 3]91 ;Tz 27

where S;,T; are z-polynomials of level i with weight < i + 1.
Now, define let N(®) = N and define N*) (k > 1) by the formula

NG — [M, N(k—l)].

We have
k+1

N(l)_ +Z 7.2 ’

where, for each 7 € {3,4,....,k + 1},

k41 k41

1 0T o 08— T <3pi—1 0S;_2 )
Vil = + + E + S + E + T
i—2 ap2 b1 apl jzg(p] 1 J— 2) ap] = 3pj 15 y Jj—2

is easily seen to be a z-polynomial of level i — 2 with weight < i — 2. Indeed, more can be proven:

Lemma 3. For j =1,...,k + 1 there exist z-polynomials Vi(j) of level i and of weight < i such that

k+1

N(j): _ ]+1 + i
( apj+1 222 i—j— 18}7

Proof of Lemma 3 is included in Appendix II. Letting j = k in the lemma, we have
NE — (_1)k+1L_
Opk41

Tracing back, it is easy to see that
(A, B,M,N,NW _ N®) =(0,,0.,0p,, e Oppr1)-

Consequently, the differential of ¢ must be a multiple of dz.
Finally, I remark that the the only functions f(z) satisfying f” f = (f’)? are of the form f(z) = A\e#*, where
A, i are constants. This completes the proof of Lie’s theorem.
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3. FURTHER QUESTIONS

1. The notion of Darboux integrability at level k appears by definition more restricted than the notion of the
k-th prolongation of a system being Darboux integrable. The latter is essentially what’s being used for proving
that Darboux’s method works. Is there any hyperbolic system whose k-th prolongation is Darboux integrable
but is itself not Darboux integrable at level k7

2. In the same spirit as the previous question, is there any f-Gordon equation not locally equivalent to either
Zyy = 0 Or 2z, = €* whose k-th prolongation (for some k) is Darboux integrable?

4. APPENDIX I. CONVENTIONS ON NOTATIONS

I use the round bracket (...) to express a coframing on a manifold. Differential or algebraic ideals generated
by certain differential forms are put in curled brackets such as {...}dig or {...}alg. Sometimes, the plain {...}
is used to mean {...}qir. The angled bracket (...), with input(s) being either sections of a vector bundle or
generators of a vector space, means the linear-generation of a vector bundle or a vector space.

A differential ideal will be denoted using script letters such as Z, J, K. The set of k-forms in a differential
ideal 7 is denoted as Zy. The vector bundle associated to Zj is denoted as I. The k-th prolongation of Z has
the notation Z(*). To avoid confusion, I use (I*)); rather than Il(k) to denote the vector bundle of 1-forms in
Z(*) | since the latter may be mistakenly understood as the k-th prolongation of the Pfaffian system generated by
I,. For a Pfaffian system such as EYS)
by all the 1-forms in Egg), or the differential ideal whose elements are local sections of vector bundles. The
k-th derived system of a Pfaffian system I, which is also Pfaffian, has the notation I‘*). If the derived (partial)
flag ... ¢ I < IV stabilizes at some I{®), then I{®) is naturally the maximal Frobenius subsystem of I, and
is given the notation I¢*). To conclude by an example, the third derived system of the system algebraically
generated by the 1-forms in the second prolongation of Z is denoted as (I (2))§3>.

All problems in the range of this exposition are local, so when I write, for instance, “condition C holds on
M?”, what I really mean is “condition C holds on some open subset U C M”. Sometimes, when multiple such
open subsets are concerned, one might worry about empty overlaps. In such cases, one could first ask whether
or not the open subset U can be chosen to be dense in M.

, the same notation can be used to represent the vector bundle generated

5. APPENDIX II. PROOFS OF LEMMAS

Proof of Lemma 1 and Lemma 2. By the previous calculation, it is clear that this lemma holds for k = 1, 2, 3.
Therefore, it suffices to carry out the inductive step from k to k + 1. By l-adaptedness of the coframing

(0,010, s Ok0, 001, -+ O0k, Tht1,0, AT, To k1, AY)
one can introduce new coordinates pgy2, qr+2 such that the Pfaffian system Z(+1) g given by
I = {0,610, ..., Ok0, O+1,05 001, -, ok, 00 1}
where
Ok+1,0 = Th+1,0 — Phr2d®, 0o k+1 = Tok+1 — Qe+1dY-
Clearly, on M(k+1),
dfjo = —0j410 Ndx mod 6,619, ....,0j-10, (G=1,...,k).
Furthermore,

dOry1,0 = dmpy1,0 — dpryo N dx

k—1
i <f”<z>dz R N

(2

dpl-) Ady — dpg42 A dx
k—1
Q- 0Qy—
= - <f”(2)291 + ' (2)pes1 + %kz ity g; 1Pi+1> dx N dy — dpry2 N dx
i=1 ¢

mod 6,910, ...,eko.

If we let

, Q- = 0Q_
Qe = f"(z)p1 + %’; ity %pwh
i=1 ¢

and use the inductive assumption that for each i € {1,2,....k — 2}, @; is a z-polynomials of level i and has
weight < ¢+ 1, then it can be easily seen that @)y is a z-polynomial of level & and with weight < k + 1.
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As a result, define
Tht2,0 = dprra — (f'(2)prr1 + Qk)dy,
and we have
dOps1,0 = —Tpyo,0 Ndz mod 6,61, ..., Oko.
Since the argument for the the other characteristic system is completely analogous to the above, we have proven
Lemma 1 and 2.

Proof of Lemma 3. Note that if R;, Re are two z-polynomials, then the weights satisfy
'LU(RlRQ) S w(Rl)w(Rg)

Here we did not specify the levels of Ry, Ro, since, in a sense, the weights give upper-bounds for the minimal
levels. With this note, the proof of Lemma 3 reduces to pure calculations. Suppse that for some 1 < j < k we

have
k+1

+ZVJ18p

1=7+2

NG — (_1)i+1 =2
(1) 3p]+1

where each Vf(j) is a z-polynomial of level i and with weight < i. We compute, by letting g(z) = f'/((f)*—f"f),

9 k+1 P k+1
M,NO = \9(=)5 +prg—+ D (Pi1 + Sis O D DL
[ ] ( )a Z )ap ( ) 8pj+1 _;_2 —j—1 5'1)
k+1 k+1 k+1 o9 9
= j+22 pz 1+512 +Zzp1 1“!‘512 gjla
Di (=12 i=3 Pi De
k+1 k
~ i i y@) P+ Sea) 0
—j—1 . ’
(=3 i=j+2 Opi Ope
In the first term of the result above, the summation splits into
’“i o D ’“iasz 2 0
“— Opj+1 0pi “— Opj+1 0pi’
The former is simply
0
3I7g‘+27

Si—2

and the summation in the latter actually starts with ¢ = j + 3. The weight of gp = is clearly <i—j —2.

)
For the second term, the outer summation can start from ¢ = j+ 3, since aé/;, =0 for i > 3. The coefficient
of aip,; are easily seen to have weight < ¢ —j — 2.

In the third term, the outer summation can start from ¢ = j + 3, since is identically zero for

O(pe—1+Se—2)
op;
¢ <j+3andi>j+ 2. Evidently, the weight of the coefficient of % is<i—j—2.
To sum up, [M, NU)] can be put in the form

k+1

+ Z V(7+1) 9

[Ma N(])] = (_1)j+2 —j—2
i=j+3 ap

8pj+2
where V' is a z-polynomial with weight < i and hence is of level i. This completes the proof.
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