CHAPTER 1

NORMED INVOLUTIVE ALGEBRAS

1.1. Involutive algebras

1.1.1. Let A be an algebra over the field C of complex numbers. An
involution in A is a map x— x* of A into itself such that

() (x*)*=x

(i) (x+y)y*=x*+y*
(i) (Ax)* = Ax*
(iv) (xp)* = y*x*

for any x, yEA and A €C. An algebra over C endowed with an
involution is called an involutive algebra. x* is often called the adjoint of
x.-A subset of A which is closed ander the involution operation is said to
be self-adjoint. Preperty (i) implies that an involution in A is necessarily
a bijection of A onto itself.

1.1.2. Examples

(1) On A =C, the map 7z -7 (where Z is the complex conjugate of z)
is an involution with which A becomes a commutative involutive alge-
bra.

(2) Let X be a locally compact space. and A the algebra of complex-
valued continuous functions vanishing at infinity on .X. Endowed with
the map f — f, A is a commutative involutive algebra. When X is a single
point. this reduces to example (1).

(3) Let H be a Hilbert space and A = $P(H) the algebra of continuous
endomorphisms of H. Furnished with the usual adjoint operation, A is
an involutive algebra. Examples (2) and (3) will play a fundamental role.
(Throughout the book, “Hilbert space” means ‘‘complex Hilbert
space™.)

(4) Let G be a unimodular. locally compact group and A the con-
volution algebra L'(G). For each fe L' (G) put f*(s)r—f(sq)(s € G).
With the map f— f*, A is an involutive algebra.
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1.1.3. We now introduce some terminology suggested by example (3) !
above. Let A be an involutive algebra. An element x € A is said to be '
hermitian if x* = x and normal if xx* = x*x. An idempotent hermitian

clement is called a projection. Each hermitian element is normal and the :
set of hermitian elements is a real vector subspace of A. If x and y are
hermitian, we have (xy)* = y*x* = yx, and so xy is hermitian if x and y
commute. For every x € A, xx* and x*x are hermitian, although a

general hermitian element cannot be so represented as example (1) !
above shows. S

1.1.4. Each x € A can be written uniquely in the form x, + ix, with x,, x,
hermitian. (In example (1) above, this expression is just the decom-
position of a complex number into its real and imaginary parts.) In fact,
if we put

1 1
Xy o 6 x5, x2=-2—i(X‘X*)

then x, and x, are hermitian and we have x = x, +ix,. Conversely, if
x =Xx,+ix, with x, and x, hermitian, we have x* = x, —ix, and so

X, =%(X+X*), x2=%(x*x*),
which proves our assertion. Note that
Xx*=x{+x3+i(x%, —x,%),  x*x = x2+xE— i(xx, — x,%,)
so that x is normal if and only if x; and x, commute.
1.1.5. If A possesses a left identity 1, we have, for each x € A,
X I¥=(] - x¥)F=x*F = x !

so that 1* is a right identity, and thus 1 = 1* is the identity for A. If x is ‘
an invertible element of A, then f
(x“l)*x*:(xX“l)*z l*/z 1’ x*(x"l)*:(x'lx)*: 1*: 1’ !

so that x* is invertible, and (x*)™' = (x7')*; conversely, if x* is invertible, :
x** = x is also invertible. Since (x —A - 1)*=x*— X - 1 for each A €C, it !
follows that !
Spax* = Sp,x.

(In every unital algebra B, the spectrum of an element x, denoted by
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Spyx or simply Sp x, is the set of scalars A such that x —A - 1 is not
invertible.)

An element x € A is said to be unitary if xx* = x*x =1, or in other
words if x is invertible and x = x*”', [In example (1) above, the unitary
elements are the complex numbers of absolute value 1.] The unitary
elements of A constitute a group under multiplication, the unitary group
of Aj;in fact, if x and y are unitary elements of A, then

(xyP ™' = (p*x*) = x> ly* = xy,
so that xy is unitary, and (x™')*™' = (x*™')"' =x7, so that x™" is unitary.

1.1.6. Let A be an involutive algebra. If A is the algebra obtained from
A by adjoining an identity to A, it is easy to see that the involution on A
can be extended to A in a unique way: we define (A, x)* = (A, x*) for
A EC, x € A. For each x € A, we have

Spix* = Spix

(For any algebra B, unital or not, Sppx or Sp'x denotes the set Spjx,
where B is the algebra obtained from B by the adjunction of an identity.
Clearly, 0 € Spgx for each x € B.)

1.1.7. Let A and B be two involutive algebras. A morphism (resp.
isomorphism) of A into B is a map (resp. a bijection) ¢ of A into B such
that o(x +y)=@(x)+e(y), e(Ax)=Ae(x), @(xy)=e(x)e(y), e(x*) =
@(x)* for any x, y € A, A €C. In particular, ¢ is a morphism of the
underlying algebra of A into the underlying algebra of B. In cases of
possible confusion, we say more precisely “morphism for the involutive
algebra structure” or “morphism for the algebra structure” as the case
may be.

1.1.8. Let A be an involutive algebra. An involutive subalgebra of A is a
subalgebra of A which is closed under the involution. The intersection
of any family «f involutive subalgebras is again an involutive subalgebra;
thus, if M is any subset of A, there is a smallest involutive subalgebra of
A containing M, namely the intersection of all the involutive subalgebras
of A which contain M, and this is called the involutive subalgebra of A
generated by M; it is the set of lineur combinutions of ¢lements of the
form x\x,...x, where x,,x,,...,x, € M UM?*. When M consists of a
single element x, this subalgebra is commutative if and only if x is
normal.
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Let A be an involutive algebra and B a self-adjoint two-sided ideal of
A. The involution on A induces an involution on the quotient algebra
AlB, and the canonical map of A onto A/B is a morphism.

The product of any family of involutive algebras is itself an involutive
algebra in a natural way.

The reversed algebra of an involutive algebra is itself an involutive
algebra when endowed with the same involution.

I.1.9. Let A be an involutive algebra and M a self-adjoint subset of A.
Then the commutant\M’ of M in A is an involutive subalgebra of A, and
the bicommutant M” of M in A is thus an involutive subalgebra of A
containing M it is in general different from the involutive subalgebra of
A generated by M (for example when A is commutative). If the
clements of M commute pairwise, then M C M’, so that M'D M" and
M" is commutative. If x € A and M = {x, x*}, then M" is commutative if
and only if x is normal.

1.1.10. Let A be an involutive algebra. If f is a linear form on A, the
function x - f(x*) on A is also a linear form on A, denoted by f* and
called the adjoint of f. Plainly, f** = f, (f + f')* = f* + f'*, (Af)* = Af* if
A €C, and f is said to be hermitian if f = f*. Every linear form f on A
has a unique expression of the form f, +if, with f,, f, hermitian; indeed,
we have

1 1 "
f1=‘2‘(f+f )s fz=5"i(f—f)

A linear form f on A is hermitian, if and only if f takes real values on
the set A, of hermitian elements of A. The map f=f|A, is an
isomorphism of the real vector space of hermitian forms onto the dual
space of the real vector space A, If A is commutative and y is a
character of A, then y* is also a character of A.

References: [1101], [1323]-

1.2. Normed involutive algebras

1.2.1. DEFINITION. A normed involutive algebra is a normed algebra A
together with an involution x — x* such that ||x*| = ||x| for each x € A. If,
in addition, A is complete, A is called an involutive Banach algebra.
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1.2.2. Examples. The four examples of 1.1.2 are examples of involutive
Banach algebras if the norms are defined as follows: in example (1) set
lzll = |z| for each zE€C; in example (2) set Ifll = sup,ex [f(¢)| for each
f € A; in example (3) take the usual norm of L(H); and in example (4),
set |fll =S4 |f(¢)ldg for each f e LY(G).

1.2.3. Let A be a normed involutive algebra, and A the involutive
algebra obtained from A by the adjunction of an identity. The norm on
A can be extended to A in such a way as to make A a normed involutive
algebra (for example, onecan put ||(A, x)|| = |A| +|x|| for A €C, x € A).
Any normal involutive algebra so obtained is called a normed involutive
algebra obtained from A by the adjunction of an identity.

1.2.4. Let A and B be two normed involutive algebras. A morphism of
A into B will simply mean a morphism of the underlying involutive
algebras, without any condition on the norms. On the other hand, an
isomorphism will mean a norm-preserving isomorphism of the underly-
ing involutive algebras.

1.2.5. The closure of an involutive subalgebra of a normed involutive
algebra A is itself an involutive subalgebra. If M C A, the smallest
closed involutive subalgebra B containing M is called the closed involu-
tive subalgebra generated by M and is the closure of the involutive
subalgebra generated by M. If M consists of a single normal element,
then B is commutative.

The quotient of a normed involutive algebra by a closed self-adjoint
two-sided ideal, the product of a finite number of normed involutive
algebras, the reversed algebra of a normed involutive algebra and the
completion of a normed involutive algebra are all normed involutive
algebras in a natural way.

1.2.6. Let A be a normed involutive algebra. If f is a continuous linear
form on A, then f* is also continuous and ||[f*]| = |f|| as the unit ball of A
is self-adjoint. The set A, of hermitian elements of A is a real normed
vector space. Now let f be a conlinuous hermitian linear form on A and
let g = f | A,. Then [[f[| = [lg]l; in fact, it is clear that ||f]| = |lg||; on the other
hand, for each e > 0 there exists an x € A such that ||x| <1 and |[f(x)| >
Ifll — € and multiplying x by a scalar of absolute value 1 if necessary, we
can assume tiiat f(x)=0. Then

[8GOx + x*)| = f(x) + fx*)] = f) = |f]| - €
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and since [(x+x*)|<1, we see that |g|=|lfll—€ and the assertion
follows. The continuous hermitian linear forms on A may thus be
identificd with the continuous real linear forms on A,

References: [1101], [1323].

L.3. C*-algebras

1.3.1. DEFINITION. A“C*-algebra is an involutive Banach algebra A
such that ||x| = lx*x| for every x € A.

1.3.2. Examples (1), (2) and 3) of 1.1.2, 1.2.2 are examples of C*-
algebras. Example (4), however, is not in general an example of a
C*-algebra.

1.3.3. If A is a C*-algebra, so is every closed involutive subalgebra of
A. In particular, if H is a Hilbert space, every closed involutive
subalgebra of ¥(H) is a C*-algebra; it will later be seen (2.6.1) that
every C*-algebra is isomorphic to a C*-algebra of this type, and it is this
example that has given rise to the theory of C*-algebras.

Let (A;);e; be a family of C*-algebras. Let A be the set of (x;)ier such
that x; € A; for each i €1 and such that sup; ||x;|<+. With the
algebraic operations

(x) + (i) = (x; + y3), A(x) = (Ax;),
(x)(y) = (xy), ()* = (x7),
and the norm
ICxdll = sup [l

we immediately see that A is a C*-algebra, called the product C*-
algebra of the A;’s. It should be noted that the set A is not the product
(set) of the A;’s. g

Let A be a C*-algebra, and consider the algebra obtained from A by
replacing the multiplication (x, y)— xy by the multiplication (x, y)- yx,
while all other algebraic operations and the norm are the same as those
of A. Consider, in other words, the reversed normed involutive algebra
A’ of A. Then it is immediate that A°® is a C*-algebra.

The question of quotient C*-algebras is a more delicate matter (cf.
1.8.2).
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~ 1.3.4. Let A be a Banach algebra endowed with an involution such that
el < fl*x]l.

It follows that |[x[* < |lx*{ - |||, hence that ||x|| <|lx*|) and interchanging x
and x*, we sec that [|x*]|=|lx|. The above hypothesis thus implies that
el <l * x| < [lx]P,

so that A is a C*-algebra. L

1.3.5. Let A be a C*-algebra. For each x € A, we have

[lxl = sup [lxx.
[x=1

In fact, it is clear that [xI=<1 implies [lxx'||<|lx|. To show that ||x| <
SUPyey< [IXx '], we can assume that ||x]| = 1; then ||x*|| = 1 and

sup |lxx’l| = flxx*| = x| = 1.
Il

1.3.6. Let A be a unital C*-algebra. Then
P =N1*1 =1, so that [1=0or 1.
We thus see that, unless A =0, ||1||= 1, and it follows that if A% 0 then

luell = lu*u]'"® = 1 for each unitary element u of A.

1.3.7. We recall that no continuity condition appeared in the definition of
morphisms of normed involutive algebras. We shall see that, for C*-
algebras, a morphism is automatically continuous, or, more precisely,
that we have:

PROPOSITION. Let A be an involutive Banach algebra, B a C*-algebra
and w a morphism of A into B. Then |[w(x)||<|x|| for every x € A.

For each hermitian element y of B, we have [y =|ly*y| = [y} and
hence by induction [ly*|F" =|ly|. As n -+ the left hand side of this
equation tends to the spectral radius p(y) of y (cf. B1), so that

(1) p(y) =yl
Now for each x € A, we have

Sppm(x)C Spix  so that plm(x)) < p(x) <|x,
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and hence, using (1), we have
7 QO =l (x*x)| = p(ar(x*x)) < x| < lx#] - [1x] = I[P

1.3.8. The following proposition will enable us almost always to confine
our attention to unital C*-algebras without any loss of generality.

PROPOSITION. Let A be a C*-algebra and A the involutive algebra
obtained from A by the adjunction of an identity. Then the norm on A
can be extended to A in exactly one way that makes A a C*-algebra.

The uniqueness follows from 1.3.7. We prove the existence. First
suppose that A has an identity e and let 1 denote the identity of A. In A,
A and C(1 - e) are complementary self-adjoint two-sided ideals, and so
there is an isomorphism of the involutive algebra A onto the involutive
algebra C X A which maps A onto {0} X A; C X A can then be given the
product C*-algebra structure. Now suppose that A does not possess an
identity. Each element x of A defines an operator of left multiplication
L, in the two-sided ideal A of A; put ||x||=||L,|. If x € 4, this coincides
with the original norm on A, by 1.3.5. Moreover, it is clear that x - |Ix|| is
a seminorm on A and that |xy|<[x|| - |ly|. This seminorm is in fact a
norm, for let x=A-x' (A EC, x'E€ A) be an element of A such that
L]l =0, i.e. such that xy = 0 for each y € A. We show that then x = 0. If
A#0, we have for each yEA, 0=A""xy=y—21""x'y, A7'x" is a left
identity for A, and A possesses an identity (1. 1.5) contrary to hypo-
thesis. Hence A =0, so that x € A, and ||x]|= 0 implies that x =0; it
follows that x—>||)«” is a norm on A. Since A is complete and of
codimension 1 in A, A is also complete. It remains to show (1.3.4) that
x| <{x*x|| for each x € A and it is enough to do this for x| = 1. For
each r <1, there is y € A such that ||y <1 and ||xy|*= r; then, as xy € A,
we have [lx*x]| = [ly*(x*x)y[| = ll(xy)*xyl| = |lxy|f = r and therefore |x*x||=
]-2F

1.3.9. PrROPOSITION. Let A be a C*-algebra.
(i) If h is a hermitian element of A, each element of Sp'h is real.
(ii) If A has an identity, and u is a unitary element of A, each element
of Sp u has absolute value 1.

In proving both parts of this result we may assume, by 1.3.8, that A
has an identiy (and that A% 0). We have [ul| =|lu""| =1 by 1.3.6, so that
pli)=<1, pu™=<1 and Sp u and Sp(u~") = (Sp u)™" are both contained
in the unit disc of the complex plane C, from which (ii) follows
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immediately. For (i)
i*h? .
(exp(ih))* = (l +1h +—§-'—+- . ) =1+ (=i)h+

(—i)h?
' +

= exp(—ih),

so that exp(ih) is unitary; thus if .z € Sp h, we have |exp(iz)| =1 (B 4)
and so z € R. (Throughout the book, R denotes the set of real numbers.;

1.3.10. The following propositiop shows that, for C*-algebras, it doeg
not matter which algebra containing a particular element we take in the
definition of the spectrum of that element.

PROPOSITION. Let A be a C*-algebra, B a sub-C*-algebra and x a
element of B. Then

(i) Spax = Spjx.

(ii) If A has an identity which also lies in B, then Sp,x = Spyx.

. We see that (i) follows from (ii) on adjoining an identity. We therefore
prove (ii). If x is hermitian, we have Spyx CR (1.3.9), so that Spyx =
Spax (B 2). In the general case, if x € B is invertible in A, xx* is also
invertible in A, therefore in B by the above, and so x has a right inverse
in B; similarly x has a left inverse in B and is therefore invertible in B.
Applying this result to x —A - | where A € C, we obtain (ii).

C*-algebras are called completely regular algebras in[1101]and B*-
algebras by numerous authors.

References: [604], [1101], [1320], [1322], [1323].

1.4. Commutative C*-algebras
1.4.1. The theory of the above is summed up in the following theorem:

THEOREM. Let A be a commutative C*-algebra, S its spectrum (which
is a locally compact space), and B the C*-algebra of continuous
complex-valued functions on S which vanish at infinity. Then

(i) Every character of A is hermitian.

(ii) The Gelfand map is an isomorphism of the C*-ulgebra A onto the
C*-algebra B.

Let x be a character of A. If y is an hermitian element of A, we huve
x(»)ESp'y CR (1.3.9). For an arbitrary element x of A write x = x, +ix,
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with x,, x, hermitian; we have
X (x*) = x(x; ~ixy) = x(x)) — ix(xy) = x(x)

which proves (i).

In other words, if % denotes the Gelfand map, then %(x*) = F(x) for
cach x € A. Moreover, ¥(A) separates the points of S and for each
point of S there is at least one function belonging to %(A) which does
not vanish there (B 3). The Stone-Weierstrass theorem then shows that
F(A)is dense in B. The proof will be complete if we now show that & is
isometric. Now, |# ()|l = [lyll for any hermitian y [1.3.7, formula (1)}, and
so for each x € A, R

Xl = c*xl| = |FQx*x)]| = | F(x) - F@)| = || P

1.4.2. Retaining the above notation, if f € B, the symbol g(f) is well
defined for each continuous complex-valued function g on f(S)U{0}=
Sp'f suci: that g(0) = 0, and represents an element of B. Thus, if x € A, it
is possible to define h(x)€ A for any continuous complex valued h
defined on Sp’x and satisfying h(0) = 0. We shall see in 1.5 that one can
define such a “functional calculus” for the normal elements of any, not
necessarily commutative, C*-algebra, and this turns out to be a very
useful tool in the sequel.

1.4.3. PROPOSITION. Let A be a commutative unital C*-algebra, S its
spectrum and let x € A. Suppose that the sub-C*-algebra of A generated
by 1 and x is equal to A. Then x — x(x) is a homeomorphism of S onto
Sp ax.

This map is continuous and its range is Spax (B 3). Moreover, let y,
x'€ S be such that y(x) = x'(x). Since y and ' are continuous and
hermitian, the set A’ of those y € A for which x(y) = x'(y) is a sub-C*-
algebra of A containing x. Hence A'= A and y' = y. The map under
consideration is injective, and is therefore a homeomorphism as S is
compact.

References: [100], [618], [1101], [1323].

1.5. Functional calculus in C*-algebras

1.5.1. THEOREM. Let A be a unital C*-algebra, x a normal element of A,
S =Sp,x and A’ the C*-algebra of continuous complex-valued func-
tions on S. Then there is a unique morphism ¢ of A' into A such that
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¢(1) =1, and ¢(¢) = x where « denotes the function z—'z on S. Moreover,
this morphism is isometric and its image ¢(A’) is the sub-C*-algebra of
A generated by 1 and x and therefore consists entirely of normal
elements.

The polynomials in z and Z are dense in A" and each morphism of A’
into A is continuous (1.3.7) which establishes the uniqueness of ¢. Let B
be the commutative sub-C*-algebra of A generated by 1 and x, T its
spectrum, C the C*-algebra of cofitinuous complex-valued functions on
T and %, the Gelfand map for B, which is an isomorphism of B onto C
(1.4.1). Proposition 1.4.3 furnishes a homeomorphism of T onto Spyx =
S (1.3.10) which induces an isomorphism y: A’— C that maps ¢ to Fyx,
since we have, for each x € T, (Fpx)(x) = x (x) = ¢(x(x)). Now consider
the composite isomorphism

Composing this with the canonical injection of B into A, we obtain a
morphism of A’ into A with the properties required by the theorem.

1.5.2. DEFINITION. Let A be a unital C*-algebra. If x is a normal
element of A and if f is a continuous complex valued function on Sp4x,
the element ¢(f) of theorem 1.5.1 is denoted by f(x).

The fact that ¢ is an isometric isomorphism is expressed in the
following formulae in which f and g denote continuous complex-valued
functions on Spx:

(1 (f+8)x) = f(x) + g(x),
@ (fg)(x) = f(x)g(x),
3) fxo) = (o,

(4) IF Gl = Il

If f is the restriction to Sp,x of a polynomial z— P(z,Z) in z and Z,
then f(x) = P (x, x*) where P (x, x*) has its usual algebraic interpretation
(remember that xx* = x*x).

With the above notation, we have

Spaf(x) = Sppf(x) = Spnf = f(S),

or in other words,
(5) Spaf(x) = f(Spax).
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Padb Peovostnion et Xand B beunital CFalgebras, o a morphism of A
tto L viapping Vo band xa normal element of A so that $(x) is a normal
clement of B Let [be a continuous complex-valued function on Sp x. Then
if the restriction of f to Spyp(x) is again denoted by f, we have

PU) = [((x)).

Let C be the C*-algebra of continuous complex-valued functions on
Spax. The maps f— ¢(f(x)) and f— f(¢p(x)) are morphisms of C into B
which take the same value when f is any one of the functions z— 1,
z >z, z— Z. Sinice the sub-C*-algebra of C generated by these functions
is equal to the whole of C, the two morphisms are identical.

1.5.4. COROLLARY. Let A be a commutative unital C*-algebra, x an
element of A, & the Gelfand map for A, and f a continuous complex-
valued function on Spax. Then F(f(x))=f o F(x).

This follows, for instance, from 1.5.3 applied to ¢ = &.

1.5.5. COROLLARY. Let A be a unital C*-algebra, x a normal element of
A, C the C*-algebra of continuous complex-valued functions on Sp x, f
an element of C, C' the C*-algebra of continuous complex-valued
functions on Sp f(x)=f(Sp x), and g an element of C'. Then g o fEC
and (g ° f)(x) = g(f(x)).

The map g — (g ° f)(x) is a morphism of C’ into A which maps 1 to |
and the function z-z to f(x). From the uniqueness statement of
theorem 1.5.1, it follows that (g o f)(x) = g(f(x)).

1.5.6. PROPOSITION. Let A be a C*-algebra, x a normal element of A,
S =8p'x and A’ the C*-algebra of continuous complex-valued functions
on.S which vanish at 0. Then there is exactly one morphism ¢ of A’ into
A such that ¢(v) = x where v is the function z— z on S. This morphism is
isometric and its image ¢(A’) is the sub-C*-algebra of A generated by x
which therefore consists entirely of normal elements.

Since the polynomials in z and Z without constant term are dense in
A’, the uniqueness of ¢ is immediate. The existence follows from
theorem 1.5.1 on adjoining an identity to A.

1.5.7. By the adjunction of an identity, all the results of this section can
be extended immediately, with obvious modifications, to the case of
non-unital C*-algebras. We shall thus make use of these results even
when an identity is not assumed to be present.
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In particular, let x be an hermitian element of the C*-algebra A, so
that its spectrum is real. Consider the continuous functions of a real
variable

t - fi(t) = sup(t, 0), t=>f(t) =sup(=1,0),  t>fi(0)=]t].

We put x" = f|(x), x™ = fy(x), |x| = f3(x). These are hermitian elements of
A, (and,_‘indeed_, of the sub-C*-algebra of A generated by x), because
fi=fi, f=f. f3=f5. Since f,, f5. f; take non-negative values only, we
have =

L}

(1) SP'(xY=0,  Sp'(x)=0, Sp((x)=0.
Since
O =fHy=t,  fO)+f(t)=]t] and [ (1)f()=0
we have
?) x=x"=x", x| =x*+x", xxT=xx" =0,
The norm of |x| is the same as that of x, while the norms of x* and x~
are less than or equal to that of x. We note, with a view to no. 1.6.4, that

x* and x” are the squares of two hermitian elements whose product is
zero: consider the functions Vf, and V/f,.

1.5.8. Let A be a C*-algebra. For each positive integer n, we have
A = A" the set of linear combinations of products of n elements of At
is enough to show that each hermitian element x of A is a product of n
elements of A. Now, if f, ..., f, are continuous real-valued functions of
a real variable such that

O - fu(=t,  f0O)=---=f(0)=0,

; x = fi(x)fox) - - - f.(x).
References: [618], [1101], [1323].

then

1.6. Positive elements in C*-algebras

1.6.1. PROPOSITION. Let A be a C*-algebra and x an hermitian element
of A. Then the following conditions are equivalent:

(i) Spix=0.

(i) x is of the form yy* for some y € A.

(iii) x is of the form h* for some hermitian h € A.
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Lurthermore, the sel P of those elements which satisfy these conditions
is a closed convex cone such that P N (=P)={0}.

To prove this, we first denote by P the set of those hermitian
elements of A which satisfy condition (i).

(i) = (iii): if Spsx =0, h = x'? exists as a hermitian element of A and
we have x = hZ

(iii)=> (i): if x = h? with h hermitian, we have Spjx = (Spih)* =0 since
Spih is real.

(iii) = (1): o'bvious{

To prove the implication (ii) = (iii) and the last part of the proposition
we need the following lemmas:

1.6.2. LEMMA. Suppose that A is unital. If xEA is hermitian and
|l —x|<1 then x€P. If x € P and |x| <1 then It—x||=1

By passing to the sub-C*-algebra of A generated by x, it is enough to
consider the case of commutative A which can in turn, thanks to 1.4.1,
be reduced to the case where A is the C*-algebra of continuous
complex-valued functions on a compact space. The lemma is then clear.

1.6.3. LiMMA. Suppose that A is unital and let x be an hermitiun
clement of A. In order that x € P, it is necessary and sufficient that

el - D = xlf =<«

We can assume that x# 0, and then, multiplying by an appropriate
scalar, that |lx| = 1. Lemma 1.6.3 then follows at once from Lemma 1.6.2.

1.6.4. We now return to the situation of 1.6.1. In showing that P isa
closed convex cone such that P N (—P) = {0} we can assume, thanks to
1.3.8, that A is unital. Lemma 1.6.3 implies that P is closed. It is clear
that x € P and A =0 imply that Ax € P. We now show that x+y EP
whenever x, y € P. We can assume that [|[x| <1 and [[y[|<1. Then It — x|l
<1 and JI-y[<! (162), and so ||l —x+yl=d1-x+1-y|<
W = x|+ =yl <1 so that J(x+y)EP (1.6.2) and thus x+y€EP. If
X E P N(—P) then Sp x ={0}, p(x) =0 and so x = 0 [1.3.7, formula (1)].

We finally prove the implication (ii) = (iii) of 1.6.1 without assuming
that A is unital. Let y € A, and write (yy*)" = uilyy = v? with u, v
hermitian elements of A such that wv =0 (1.5.7). Then

(oy)(0y)* = v(yy*)p = vu’v —v* = —0* € —P,
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since (iii)= (i). Let vy=S +1it with s, ¢t hermitian. We have

(vy)*(vy) = —(vy)(wy)* + (s +in)(s — i)+ (s —in)(s +1it)
= —(vy)(vy)* + 25+ 2t*€P

as ~(vy)(vy)*EP, Jdep, I"eF and P is &4 convex cone. Hence
(vy)y)* €P because, in any algebra, the spectrum of a product is
independent of the order of its factors (B 26). Hence (vy)(wy)* €
P N(=P)=0.Thus p*=0and so v =0and yy* = 2. Proposition 1.6.1 is
now proved. S

1.6.5. DEFINITION. Let Abea C*-algebra. An element X € A is said to
be positive and we write x = 0 if it is hermitian and satisfies the three
equivalent conditions of proposition 1.6.1. The set of positive elements
of A is denoted by A

IfBisa sub-C*-algebra of A and x € B, it follows from 1.3.10 that the
statement x = 0 has the same meaning whether it is interpreted in A or in
B.

Since A' is a convex cone and A* N(=A") = {0}, the relation x —y =0
is a partial ordering in A which is compatible with the real vector space
structure of A; we write this relation x =y or y<x. lfz is an hermitian
element of A then zt=0, z7=0 and |z| =0 by 1.5.7, formulae (1); 7
(resp. z7) is called the positive (resp. negative) part of z. By 157,
formulae (2), each hermitian element of A is the difference of two
elements of A™.

1.6.6. Let A be the C*-algebra of continuous complex-valued functions
vanishing at infinity on a locally compact space T and suppose f € A.
It follows from condition (1) of proposition 1.6.1 and the fact that
Spgf=f(T)U{0} that the relation f=0 has its usual meaning in the
algebra A.

1.6.7. Let H be a Hilbert space, A the C*-algebra P(H), and x an
element of A. We-show that the condition x =0 is equivalent o the
condition (x££ =0 for every £EH, ie. 10 the usual definition of
positive operators. If x=y*y for somey e A, we have

| &) = (yFyel O =lyell =0 for each £ € H.
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Conversely, suppose that (x£]€) =0 for each § € H. For every 1 € H,
we have
0=<(x(x"m)|x"m)
=((x*=x)x"n) | x™m)
=—(x"x7n |x )= —((x")n | 7).

Since (x7)’=0 we also have (x| n)=0 and thus ((x’n|n)=0,
(x)*=0, x”=0 and finally x =x"=0.

1.6.8. Let A be a C -algebra, and a, b, x elements of A. If a <b, then
x*ux < x*bx,~as there is y € A such that p —a =y*y from which it
follows that X :

x*bx — x*ax = x*(y*y)x = (yx)*(yx) =0.

Now suppose that A is unital and let b be an element of A with b =1
(hence b is invertible). Applying the above with x = b~ we see that
1=b"". More generally, let a and b be invertible elements of A" such
that 0<a <b. Then a '=b""; indeed, from the above, we have that
1<apa™ 12 a"'a" and so a”' = b7

1.6.9. Let A be a C*-algebra, and let x, y € A" be such that y < x. Then
lyl=<l|x|l. In fact, we can assume A to be unital and we then have
x <|ix]| - 1, for example by 1.4.1. Hence 0=y <|x| -1 and so iyl = IIxl,
again by 1.4.1.

1.6.10. Let A and B be two C*-algebras and ¢ a morphism of A into B.
It is plain that ¢(A*)C ¢(A)NB'. Suppose conversely that y&
$(A) N BT; there exists x € A with y = ¢(x) and we have y = ()=
S((x*x)'?), so that y € ¢(A"). Hence ¢p(A") = ¢(A)NB™.

References: [604], [918], [1101], [1323], [1477].

1.7. Approximate identities in C*-algebras

17.1. Let A be a C*-algebra. We say that an approximate identity (u,)
of A (B29) is increasing if u, =0 for every A and if A=<p implies

iy = U,

1.7.2. ProPOSITION. Let A be a C*-algebra, and m a two-sided ideul of
A which is dense in A. Then there is an increasing approximate identity
of A consisting of elements of m. If A is separable, this approximate
identity can be taken to be indexed by {1,2,...}.

e
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Let A be the C*-algebra obtained by adjoining an identity to A. Let A
be the set of finite subsets of m ordered by inclusion. For A =
X, x,}E A, put

1 =i
o =xxt+ -t xxt*em and u, = vA(—+ vA)
n

(the element u, is computed in A, but'in fact u, € m). Since the function
of a real variable t - t(1/n+ )" only takes values between 0 and 1 for
t =0, we have 0=<u, <1. Furthermore,

n

1 1 2
3 16 = Dxlis = DJ* = G4 = Dy = D=0, (5 +0)

i=1

Now the function of a real variable t - t(1/n + t)™ is always <!n. Thus
n l
2 [ = Dxi(u, = Dx]* < —.
i=1 4n
"Fori=1,2,...,n we deduce that -
1
(Cuy = Dx;][(y — Dx;J* < —,
4n
from which it follows that ||[(u, — Dx| <in (1.6.9). Thus ||(u, — Dx[|-0

for each x € m and therefore for each x €A as 1= A and |u,||<1;

hence
[y = x|l = lux* — x*| > 0.

(1)) 1s thus an approximate identity. Now let A, u €A be such that
A<p. We have A ={x,,...,x,}, p={x,...,x,} with p=n, so that
<o, and (I/n+v)"'=(1/n+0,)" by 1.6.8. For any real number

t=0, we have
) =56
—(=+t) =—(—+1) ,
n\n p\p

o) =5 Gre)
ety ¥ madl :
N p \p Vi

all of which implies that

1/1 = 1/1 =l 171 2
I=—{—4n}) Sle=l=tp] sl-——f~+u ] ,
n \n n\n D \p

i.e. u, <u, Hence the approximate identity (u,) is increasing.

so that
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Now suppose A is separable, so that there is a sequence (y,, y5 . ..)
which is dense in m. Put u, = 4y, .y The above argument shows that,
for each i, [lu,y; = y|[>0 as n—+o. Since |u,[|<1, we deduce that
1,Xx = x for euch x € A and the proof is now concluded in the same way.

1.7.3. Let A be a C*-algebra and I a right ideal of A. Then there exists a
family (1)) in I N A" indexed by a directed set such that (1) linl<1; 2
A < implies uy <u,; (3) for each x € I, u,x — x| 0. The proof of 1.7.2
applies here unchanged.

References:; [452], [1455].

N

1.8. Quotient of a C*-algebra

1.8.1. ProposiTION. Let A be a C*-algebra, B a normed involutive
algebra and ¢ an injective morphism of A into B. Then lpCO| = 1x|| for
euach x € A,

Let x € A. If we can show that [|¢p(x*x)| = |lx*x||, we can deduce that

[ = le*x]| < e Ge*0ll = [ x*)p ) < [l (1),

from which the proposition follows. We can thus assume in addition that
X is hermitian, and replacing ¢ by its restriction to the sub-C*-algebra of
A penerated by x, we can assume that A is commutative. Replacing B
by ¢(A) we can assume B is commutative, and we then replace B by its
completion. Furthermore, we can adjoin identities to A and B. In short
we may confine attention to the case in which A and B are commutative,
complete and unital. Now let S and T be the spectra of A and B, which
arc compact spaces. For each y €T, y o ¢ is a character of A, i.e. an
element of S, which we denote by ¢'(x); if xE A, then ¢'(})(x)=
x((x)) is a continuous function of y; ¢’ is thus a continuous map of T
into S and ¢'(T) is a compact subset of S. If ¢'(T)# S, there exists a
continuous complex-valued function f on S such that f#0and f|¢'(T)=
0. By 1.4.1, f is the Gelfand transform of an x € A. We have x# 0,
x(¢(x))=0 for every y € T, hence @(x) =10, and this is absurd.

1.8.2. PROPOSITION. Let A be a C*-algebra and I a closed two-sided
ideal of A. Then I is self-adjoint and All, endowed with the natural
involutive algebra structure and the quotient norm, is a C*-algebra.
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Let (u,) be a family with the properties of 1.7.3. If x.& I, we have
lx*u, = x*|| = Juyx — x| -0,

and x*u, € I, so that x*€ T =I and hence [ = [*.

We know that A/l is an involutive algebra and satisfies the axioms for
a Banach algebra. Denote by x — % the canonical map of A onto A/l. To
show that A/I is a C*-algebra, it is enough to show that [[|>< [ex*|
(1.3.4). We have

() ~ = tim = x|
%
In fact, if y € I we have u,y — y =0, and so
fim [l = wyx| = Tim lx — wu,x + y — |
=lim (1 = u)(x + p)| <|x + y|

" (we are working in A). Thus

%= 1im |lx = w,x]| = lim [lx — wx]| = inf |x + || = 1]
yEI
which proves (1). This established, we have for each z € I,

1%1P = tim [lx = w,x|? = fim [|(x ~ w,2)(x = w,x)*]
= lim [bex® — wxx* — xx*u, + uyxx*u, |
=lim [|xx* + z = u,z — uyxx* — xx*u, — zu, + u,zu, + uxx*u, ||
= lim ||(1 = w)(xx* + 2)(1 = w, )| < [|xx* + 2],

and thus [|x[? < [|xx#|.

1.8.3. CorOLLARY. Let A and B be C*-algebras, ¢ a morphism of A
into B and I the kernel of ¢. Consider the canonical decomposition of ¢

Ko AL e A B,

Then I is closed in' A, ¢(A) is closed in B and ¢ is an (isometric)
isomorphism of the C*-algebra All onto the C*-algebru ¢(A).

Since ¢ is continuous (1.3.7), I is closed and A/ is a C*-algebra
(1.8.2). The morphism A/l - B obtained from ¢ by passing to the

. T e
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quotient is injective and therefore isometric (1.3.7 and 1.8.1). Hence
¢$(A) is complete and consequently closed in B.

1.8.4. CororLARY. Let A be a C*-algebra, B a sub-C*-algebra of A
and I a closed two-sided ideal of A. Then B+ 1 is a sub-C*-algebra of A
and the C*-algebras (B + I)/I and B/|B N I are canonically isomorphic.

Let ¢ be the canonical morphism A — A/I, and let  be the restriction
of ¢ to B. Then y(B)= (B + I)/I is closed in A/l (1.8.3), and so B+ 1 is
closed in A. Consider the canonical decomposition of :

B-B/(BNI)-¢(B)—> AlL

AN
By (1.8.3), the morphism B/(BNI)- y(B)=(B+I)/I is a C*-algebra
isomorphism.

1.8.5. PROPOSITION. Let A be a C*-algebra, I a closed two-sided ideal
of A and J a closed two-sided ideal of I. Then J is a closed two-sided
ideal of A.

We have J = J? (1.5.8), and so AJA=AJ*AcC UICJ.

References: [618], [893], [1101], [1323], [1456]. The proofs of 1.8.2 and
1.7.3 were communicated to me orally by F. Combes.

19, Addenda

19.1. Let A be a C*-algebra. If the norm and all the algebraic
operations of A are retained with the exception of (A, x)— Ax which is
changed to (A, x)—>Ax, a C*-algebra A called the conjugate of A is
obtained.

1.9.2. Let A be a C*-algebra. If x € A is normal, then |x]| = p(x). (Use
1.4.1) {1323].

1.9.3. Let A be a C*-algebra.

(a) If every maximal commutative sub-C*-algebra of A has an iden-
tity, so does A.

(b) If every maximal commutative sub-C*-algebra of A is finite di-
mensional, so is A. [1159].

1.9.4. Let A be a C*-algebra. If the conditions xE A", yE A", x=y
imply x?*=y? then A is commutative. [1160].

i
t
:
!
i
\
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*1.9.5. Let A be a unital Banach algebra endowed with an involution
such that [lx*x|| = lx*|| - |lx|| for each x € A. Then A is a C*-algebra. [633],
[1187].

*1.9.6. There exist unital | C*-algebras A of dimension >1, whose
only closed two-sided ideals are 0 and A, having no projections other
than 0 and 1. [1975], [2037].

1.9.7. Let A be a unital C*-algebra, and x an element of A which does
not have a left inverse. Then x*x is not invertible in the sub-C*-algebra
B generated by 1 and x*x, so there exist y,, y,, ... € B such that ||y, | = |
and [ly,x*x||>0 (use“1.4.1). Hence if x €A is not invertible, x is a
topological divisor of zero. [1323].

1.9.8. Let A be a unital C*-algebra, N the set of normal elements of A,
x €N and V a neighbourhood of 0 in C. There exists a neighbourhood
U of x in N such that for every ye U, SpyCSpx+V and SpxC
Spy+ V. [1323].

*1.9.9. Let A be a unital C*-algebra, H a Hilbert space and ¢ a linear
map of A into £L(H) such that ¢(A") C L(H)*. Then, for every her-
mitian x in A, we have ¢(x?) = ¢(x)% [839].

#1.9.10. Let A and B be unital C*-algebras.

(a) Let p: A— B be a bijective linear map such that p(x*) = p(x)* and
p(x") = p(x)" for x hermitian and n an integer >0. Then p(A*)=B", p
is isometric, p maps a pair of commuting elements into a pair of
commuting elements, and p(1)= 1.

(b) Let o: A— B be an isometric bijective linear map. Then o is the
composition of a map having the properties of (a) and multiplication on
the left by the element o (1) of B.

(c) Let 7: A— B be an isometric linear map such that 7(1) = 1. Then
r(x*) = 7(x)* for each x € A. [179], [837].

*1.9.11. Let A be a C*-algebra.

(a) Every derivation of A is continuous.

(b) Let D be a derivation of A 'and x a normal element of A. If
x(Dx) = (Dx)x, thén' Dx =0. In particular, the only derivation of a
commutative C*-algebra is the zero operator. It follows from this that a
commutative closed two-sided ideal in a C*-algebra is central.

(c) Let D be a derivation of A and x a normal element of A such that
Dx =0. Then Dx* = 0. [903], [1402], [1403].
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(d) Let D be a derivation of A and I a closed two-sided ideal of A.
Then D(I)C I (use 1.5.8).

(e) Let H be an infinite-dimensional Hilbert space, A the C*-algebra
of all compact operators in H and x an element of £(H) which does not
belong to A+C - 1. Then the derivation y - xy — yx of A is not inner.
[530], [532], [535], [538], [1416], [1417], [1428], [1429], [1433].

1.9.12. Let A be a C*-algebra.

(2) Let I and J be closed two-sided ideals of A. Then the product
ideal IJ is equal to INJ. (If xe (I NJ)*, then x> NJ)*.) [508].
Further, (I + )" =TI"+J* [1239], [1515].

(b) If I'NJ =0, the canonical map I+J->IXJ is a C*-algebra
isomorphism. x

(¢) Let (1) be a family of closed two-sided ideals of A whose
intersection is I. Let w, (resp. w) be the canonical morphism of A onto
All, (resp. A/I). For each x € A, [Jw(x)|| = sup,|lw, (x)]. [584].

1.9.13. Let A be a C*-algebra. A C*-semi-norm on A is a semi-norm N
such that

N =<|xl, NG&y)<=NEN(y), N(x*x)=N(x)

for any x, y € A. The set N(A) of all C*-semi-norms on A is compact for
the topology of pointwise convergence on A. If [ is a closed two-sided
ideal of 4 and x € A, let N,(x) be the norm of the canonical image of x
‘in A/L Then I N, is a bijection of the set $(A) of all closed two-sided
ideals of A onto N(A). If I, J € $(A), we have Nin; = sup(N,, N;) [use
1.9.12.b]. A C*-semi-norm N is said to be extremal if N cannot be the
upper bound of two C*-semi-norms without being equal to one of them.
For a C*-semi-norm N to be non-zero and extremal, it is necessary and
sufficient that I be prime. [In any algebra R, a two-sided ideal J is said to
be prime if J# R and if the relation J'J" C J, where J’, J" are two-sided
ideals of R, implies that J'CJor J"C J] If A is separable, the set E of
extremal C*-semi-norms is a G, in N (A). [The set of (N, NHYEN(A) X
N(A) such that N=N' or N's N is compact. Its complement is a
countable union of compact sets, and its image in N(A) under the
continuous map (N, N')—sup(N, N') is the complement of E.] [509],
[584].

1.9.14. Let (A)c; be a family of C*-algebras. Let A be the set of
- = (x,) € ll;g; A; such that for each €>0, ||x]|<e for all but a finite
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number of indices i. If we put [x|| = sup|lx], A becomes a C*-algebra in
a natural way, and this algebra is called the restricted product of the A,

1.9.15. The radical R of a C*-algebra is zero. [If x € R, then 1+ Ax*x is
invertible in A for ¢uvh A €C, thus Sp'(x*x) =0 and x = 0.] [1454].




