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Section 6.1

6.1.1 DEFINITION

ﬂ

Differentiation

Having developed our skill at working with limits, we now apply this
understanding to the important process of differentiation. Most of the topics
covered here will be at least somewhat familiar to the reader from the
standard calculus course. In that earlier course a good deal of time was spent
on the applications of derivatives in physics, geometry, economics, and the
like. By way of contrast, the focus of this chapter will be on the theoretical
aspects of differentiation that are often treated more superficially in the
introductory course. ’

After establishing the basic properties of the derivative in Section 6.1, we
prove the mean value theorem and develop some of its consequences in
Section 6.2. In Section 6.3 we examine indeterminate forms and derive
I’'Hospital’s rule for evaluating them. F inally, in Section 6.4 we give a brief
discussion of Taylor’s theorem.

THE DERIVATIVE

Let f be a real-valued function defined on an interval 7 containing the point c.
(We allow the possibility that ¢ is an endpoint of 1) We say that f is
differentiable at ¢ (or has a derivative at ¢) if the limit

i L0 =7

X =i
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6.1.2 EXAMPLE

6.1.3 THEOREM

exists and is finite. We denote the derivative of £ at ¢ by f'(c) so that

L o B D
%ﬁ e J]Gun o

=0
whenever the limit exists and is finite. If the function f'is differentiable at
each point of the set S < 1, then f is said to be differentiable on S, and the
function /7 : S — R is called the derivative of f on S.

Det f(x) = x> for each x € R. Then for any ¢ € R we have
)= f(©) x-c
x-c

= lim
X—=>C X —€

f'(c) = lim

X—>c
=lim (x+c¢) = 2¢.
X—=C

It is customary to regard 7" as a function of x when fis a function of x, so we
have f'(x) =2x forallx € R.

Geometrically, the difference quotient M represents the slope’

x—¢
of the secant line through the points (¢, #(e)) and (x, /(x)). For example,
when ¢ = 1/2 and x = 2 we find the difference quotient is

f@Q-7d)  4-
0

As x approaches c, this ratio approaches the slope of the tangent line at ¢, in
this case a slope of 1. (See Figure 1.)

Applying the sequential criterion for limits (Theorem 5.1.83{ we obtain
the following sequential condition for derivatives. The sequential approach is
often useful when trying to show that a given function is 7ot differentiable-at
a particular point.

Let I be an interval containing the point ¢ and suppose that f: /—> R. Then f
is differentiable at c iff, for every sequence (x,) in / that converges to ¢ with
x, # ¢ for all n, the sequence

{fwa<ﬂw)

X, =€

converges. Furthermore, if f is differentiable at ¢, then the sequence of
quotients above will converge to /7(¢).

* T WRocevn §0-9 PERAYN3. \\\N\ T QL

10,7 L }L\%

&

. \ Sk g %
Yy D esiiemmaiEe J = o

O *—c
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Section 5.1 o Limits of Functions

Let /: D — R and let ¢ be an aceumulation point of D. Then limx Sef(X)=L
iff/for every sequence (s,) in D that converges to ¢ with s, # c for all 7, thﬁ
converges to L. P

roof: Suppose that lim,_,. f(x) = L and let (s,) be a sequence in D that

; /‘.ﬂ?‘? A Qm\ ) i (2’ converges to ¢ with s, # ¢ for all n. We must show that lim, ., f(s)=L.
' _.—\Now, given any & > 0, there exists a &> 0 such that | f(x) — L| < ¢
/ /'%7 'whenever x € D and 0 < |x — ¢| < 8. Furthermore, since s, — ¢, there
,{ / exists a natural number N such that » > N implies that |s, — ¢| < 6. Thus

forn>NwehaveO<|s,,——c[<5andsn e D, so that | f(s,) — L] < e&.

‘Hence limy, e (s,) = L.
Conversely, suppose that L is not a limit of / at c. We must find a

sequence (s,) in D that converges to ¢ with each s, # ¢, and such that
(f(sn) does not converge to L. Since L is not a limit of f at ¢, there
exists an & > 0 such that for every § > 0 there exists an x € D with
0 <|x —¢| < & such that |f(x) — L| = &. In particular, for each n € N,
there exists s, € D with 0 < |s, — ¢| < 1 /n such that | f(s,) — L| = &. Now
the sequence (s,) converges to ¢ with s, # ¢ for all n, but (f (s,)) cannot
converge to L. ¢

Using Theorem 5.1.8 and our earlier results on sequences, we conclude
that the limit of a function is unique.

If f: D — R and if ¢ is an accumulation point of D, then f can have only one %
limit at c.

iL\ —(.) & | L e £ \ ey = &£ m L S~ P V. («'{; 'm%.;,‘
Proof: Exercise 10. ¢ \ €/ i P . {4
[ & é (x:‘ . ; V4 — f & :E‘:»

One very useful application of the sequential criterionifor the limit of a
function is to show that a given limit does not exist.

Let 2 D — R and let ¢ be an accumulation point of D. Then the following
are equivalent: |
}\y\.._,§ tx) = (L
(a) f does not have a limit at c. o
(b) There exists a sequence (s,) in D with each s, # ¢ such that (s,)
converges to ¢, but (f(s,)) is not convergent in R.

A K Ei»»

Proof: Exercise 11. ¢

Consider the function f(x) = sin (1/x) for x > 0. (See Figure 2.) Using
Theorem 5.1.10, we can show that lim,_,o f(x) does not exist. Recall that for
all k € N we have
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on S, and the

onof x, so we

ents the slope

For example,

Figure 1 f(x)=x"withc=1/2andx=2
6.1.4 EXAMPLE (@) Let f(x) = |x| for each x € R, and let x, = (-1)"/n for n € N. Then
tlineate, in the sequence (x,,) converges to 0, but the corresponding sequence of quotients
does not converge. (See Figure 2.)

ii. we obtain Y/

1 approach is

‘erentiable at GA

Fo) = x|
- =. Then f , ez, f(x2))
zes to ¢ with (303, f(x3))
(JC5 f(xS)) (xda f (x4))
< 0 & < s
X1 X3 X5 X4 X2 1 x

sequence of :
Figure 2 /f(x)=|x|and x, = (-1)"/n

A B TsniYe
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6.1.5 PRACTICE

6.1.6 THEOREM

Indeed, when # is even, x, = 1 /n so that

fG)= 1) _ Y10 g

X, =0 1/n—( -

But when » is odd we have x, = —1/n, so that
f(xn)_f(o) - 1/1’1*"0 ko
x, -0 -1/n-0 '

8ince the two subsequences have different limits, the sequence

Jx) = f(0)
%, —0
does not converge. Thus f is not differentiable at zero.
(b) Let f(x)=3x*+1ifx<1and f(x)=2x+2ifx > 1. To see if f is

differentiable at x = 1, we note that £ (1) = 4 and look at the one-sided limits §.1.7 THEC
for the derivative at x = 1:
2 S
AU s LSRRG C Sl SRS S
x> 1= % —=1 x—=>1- o—1 S T |
= lin1143(x+1) =3.2=6
e LA (G, B
X1+ x—1 x> 1+ x—1 S . |
= lirrly A +x+1) =2-3=6.
Since these limits agree, we conclude that /(1) exists and is equal to 6. o
Define £: R — R by £(x) = x sin (1/x) if x # 0 and £(0) = 0. Determin¢ gg;&.ﬁ B
whether or not f'is differentiable at x = 0. = W*"“% - O
Sy
We see from Example 6.1.4(a) and Practice 6.1.5 that it is possible for a e X

function to be continuous at a point without being differentiable at the point.
On the other hand, it is easy to prove that if f is differentiable at a point, then
it must also be continuous there.

If /: I — R is differentiable at a point ¢ € 7, then f is continuous at c.

Proof: Forevery x € / with x # ¢, we have

1) = -0 221, 1)

X

\ ¥ M
WAl ee o) avle

(e 5\ WSS,

3%

X
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Since f'(c) exists, we know that

CRIG)

x—c xX—c

= f'(c) e R.

Thus by Theorem 5.1.13 we obtain

lim f(x) = {lim’(x—c)][hm fx)= f(c)}+ hm fe)

=0-f'(e)+ flc) = f(C)-

Hence Theotem 5.2:2(d) implies that 1 is continuous at c. ¢

We now present the useful (and familiar) rules for taking the derivative

of sums, products, and quotients of functions.
foseeif fis
-sided limits 6.1.7 THEOREM Suppose that f:7/—> R and g:/— R are differentiable at ¢ & L. Then

(@) Ifk € R, then the function &fis differentiable at ¢ and
(kf)(©) = k- f'(c)-
(b) The function f +g is differentiable at ¢ and
(f+ee) =rf©+g©.
Ln, '\\‘cwé* %} ¢ Ne —> (¢) (Product Rule) The function /g is differentiable at ¢ and
(f2)(©) = f©g')+ &)@

w0 6.
) (d) (Quotient Rule) If g(c) # 0, then the function f/g is differentiable at ¢
and
Determine ( f_} (o) = 8@~ f©)g'e)
: [g©r
Proof: Parts (a) and (b) are left as exercises.
ossible for a

’ (c) For every x e I with x # ¢, we have
at the point. NGlC - S
8 poiat, then ﬁi‘lﬂ-"” ;::1 PRI =SO850 (o _ £9-£0

iy

o gy D1
x—c
Theorem 6.1.6 implies that f is continuous at ¢, S0 lit, ose F () = flE)

Since f and g are differentiable at ¢, we conclude (using Theorem 5.1.13)
that

63
+
&

(fe)(e)= lim I (fg)(c) - OO +2OF©).
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N

\ y‘f AN Figure 1 Continuity of fat ¢
...... %3%{

5.2.2 THEOREM
1o QOER A

e A

M L=

<
%
,:

»t
y=/x
fle)+e

fer----
fle)-e

5.2,

5.2.4

c=J c+d
33) (@) &-0 definition (b) using neighborhoods

5.2.

Notice that the definition of continuity at a point ¢ requires ¢ to be in D,
but it doesnot require ¢ to be an accumulation point of D. Thus the notion of
continuity is slightly more general in application than the notion of a limit,
Actually, the difference is not as significant as it might seem, since if ¢ is an
isolated point of D, then f is automatically continuous at c. (Recall that a
point of D that is not an accumulation point of D is called an isolated point of
D.) Indeed, if ¢ is an isolated point of D, then there exists a § > 0 such that, \
if [x—c|< & andx € D, then x =c¢. Thus whenever |x —¢| < S and x € D
we have

RSN
76 -f@) = 0< s ~ Ny
forall & > 0. Hence f is continuous at c. ){ i o

T oaee F’-§ 3
Let /:D—>R and let ce D. Then the following t;n%e conditions areT
equivalent: /
(@) fis continuous at c. A P
(b) If (x) is any sequence in D such that (x,) converges to ¢; then
By f ) = f(0) - b
(¢) For every neighborhood ¥ of J{(c) there exists a neighborhood U of
c¢suchthat f(UND)c V.

Furthermore, if ¢ is an accumulation point of D, then the above are all
equivalent to

(d) £ hasalimit at ¢ and lim,_,, Foy=f(e).

Am—'-?g;; =
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Smce g(c) # 0 and g is continuous at ¢, there exists an interval
JC T with ¢ € J such that g(x) # 0 for all x € J. (See Exercise 5.2.13.)
For all x € Jwith x # ¢, we have

(f](x)_(f)(c) _ @@ _ g0f®)- g

g g) gx g© 2(x)g(e)
_ 8QF @) -20/(©+8Of© - [(©)2()
g(x)g(c)

= 1t follows that

(_Ji]' © - tim F1DE-G/8XO
g x—c x—C

lim {[g(c)i(_)i).__j:(_c)»_ Vo) g(x)— g(C)}[ 1 ]}
= £ x-c g(x)g(c)

_g@f'©-fg'@
g

51107

|

1l

6.1.8 EXAMPLE To illustrate the use of Theorem 6.1.7, let us show that for any n € N, if
f(x)=x" for all x € R, then () = " ! for all x € R. Our proof is by
induction.

When » = 1 we have f(x)=x, so that
JO-F® _ 5% - fim1=1=1",
X t3x =X f—>x

fix) = 1i
t—>x
and the formula holds.” Now suppose that the formula holds for n = k. That
is, if £(x) = x*, then "(x) = kx*~'. We write the function g(x) = x**! as the
product of two functions and use the product rule of Theorem 6.1.7. Let
flx)= x* and A(x) =x. Then g(x) = f(x)h(x), so that

g (x) = fON(x)+h(x)f'(x)
= YD) + @EET = e+ DxE.

Thus the formula holds for n = k+1, and by induction we conclude that it
holds for all » € N.

We also note that the formula holds for z = 0. That is, if f(x) =1 for all
x, then £ is differentiable for all x and f'(x) =0.

T When n = 1 so that f(x) = x, the derivative formula gives Fleg)= 1% Clearly we
want /'(x) to be 1 when x = 0, and this requires us to interpret 0° to be 1. This is one of
the reasons some mathematicians want to define 0° = 1, at least in those cases where we
are not dealing with limits such as lim, o /' xF®, and lim f(x) = lim g(x) = 0. See
Section 6.3.
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6.1.10 THEOREM
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Let n be a negative integer and let f(x) = x" for x # 0. Note that —» is
positive and if g(x) =x ", then f(x) = (1/g)(x). Use Example 6.1.8 and the
quotient rule of Theorem 6.1.7 to show that £(x) = ax’""

In Section 5.2 we proved that the composition of two continuous
functions is continuous. A similar result holds for the composition of
differentiable functions, and it is known as the chain rule.

{Chain Rule) Let 7 and J be intervals in R, let f:/— R and g:J — R, where
fU) S J,and let ¢ € I If fis differentiable at c and g is differentiable at f(c).
then the composite function g o f is differentiable at ¢ and

gof)(c) = g{fe) -

Proof: Following our usual approach, we write

€N -(g° N _ g/®)-8(/©) f@)-f)
x—e F(x)—- f(e) x—c
It would seem that by taking the limit of both sides as x — ¢ we would
obtain the desired result. The only problem is that f(x) — f(c) may be

zero even when x — ¢ # 0. Thus the first factor in the right-hand side may
have a zero denominator. To circumvent this problem, we note that

g -g(f(©)
y=>fe)  y-f(o)

= g'(f©)

since g is differentiable at f(c). Thus we define a new function
h:J— Rby

g -g(/(©)
h(y) = y=fc)
g'(f(©) if y=£(0),

. if y= f(c),

and see that / is continuous at f(c).

Now since f is differentiable at ¢, Theorem 6.1.6 implies that f is
continuous at ¢. Hence % o f is continuous at ¢ by Theorem 5.2.12, so
that

lim (ke /) =h(/(©)=8'(/(©)-
1t follows from our definition of /4 that

g -g(f©)=rWIy-f©], forallyed.
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6.1.11 EXAMPLE

Review of Key Terms in Section 6.1
f Differentiable at ¢ Chain rule

Thus, if x € £, then f(x) € J, so that
(go )x)—(ge ) =he f YL (x) - f ()]

But then for x €  with x # ¢, we have

(g2 N =E°NE _ 10 f)(x)][f(x%f(c)}

X—c X—C

Now we can take the limit of both sides as x — ¢ to obtain

lim (g i f)(x) - (g N f)(C)

(gefiic) = im .
— lim [(ho £)®)]- lim f=J©)
x—=>c x—=c x—c

g (f©)-fe). ¢

Let us return to the function defined in Practice 6.1.5. That is, flx) =
xsin (1/x) ifx =0 and f(0) = 0. Using the fact that the derivative of sinx is
cos x for-all x € R, we compute the derivative of 1 at any point x # 0. Let
h(x) = sin (1/x), so that f(x) = xh(x). Then for x # 0 the chain rule gives us

1
H(x) = {cos —][—x‘z] ,
x
where we have differentiated 1/x = x~! using the formula from Practice 6.1.9.
Thus by the product rule of Theorem 6.1.7 we have
FUx) = xH(x)+blx)

1 1. el
= ——C0S—+sin—
A %

for all x # 0. We saw in Practice 6.1.5 that f'(0) does not exist, sO fisa
(continuous) function that has a derivative at every real x exceptx = 0

" We remark in passing that there exist functions that are continuous for all real x but
have a derivative at 7o points. We shall prove this in Chapter 9 (Theorem 9.2.9) as an
application of uniform convergence.

4558
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ANSWERS TO PRACTICE PROBLEMS

6.1.5 Forx # 0 we have

F@-FO) _ xsin(fy) _

sin—
x—0 X

In Example 5.1.11 we showed that lim,_, ¢ sin (1 /x) does not exist. Thus
£ is not differentiable at x = 0.

6.1.9 Since —n e N, the function g(x) =x™" is differentiable by Example 6.1.8
and g'(x) = —nx~"~'. Using the quotient rule of Theorem 6.1.7, we have

) = ( ”;‘ }@) _ [g@II01-[ig'e)]

= gl
—-n-1
- ‘(—n)x : I’tx"_l.

(x~n )2

6.1 EXERCISES

Exercises marked with * are used in later sections, and exercises marked with A
have hints or solutions in the back of the book.

1. Let ¢ be a point in the interval 7 and suppose f: / — R. Mark each statement
True or False. Justify each answer.

(@) The derivative of f at c is defined by
)~ lm IR=L@
x—=c X =
wherever the limit exists.
(b) If £ is continuous at ¢, then f is differentiable at c.
(c) If f is differentiable at c, then f is continuous at c. <

2. Let ¢ be a point in the interval 7 and suppose f: I — R. Mark each statement

True or False. Justify each answer.

(a) If £ is differentiable at c, then for any k € R, kfis differentiable at c.

(b) Suppose g:7 — R. If f and g are differentiable at c, then f+gis

differentiable at c.

(c) Suppose g:/ —> R. If f and g are differentiable at c, then go fis
ut differentiable at c.
an
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3. Determine if each function is differentiable at x = 1. [f it is, find the
derivative. Ifnot, explain why not.

2x-1 ifx<1
S PR
3x-1  ifx<l
o i ={x3 it x>1

4 s 3x-2  ifx<1
C X)=

¥ if x>1
4
§

A @Use Definition 6.1.1 to find the derivative of each function.

(@ f(x)=3x+5 forxeR
®) f(x)=xforxeR

() f(x):—l— forx#0
x

(d) fx)=x forx>0

(&) f(x) =% forx>0

A}&{fg? Let f(x) =x"° forx e R.
e (a) Use Definition 6.1.1 to prove that f’(x) = %x-z/a forx#0. %
(b) Show that £ is not differentiable at x = 0.
*6. Let f(x) = x*sin (1/x) forx#0 and f(0)=0.
(@) Use the chain rule and the product rule to show that /[is differentiable at

each ¢ # 0 and find S'(c). (You may assume that the derivative of sin x
is cosx forallx e R)

(b) Use Definition 6.1.1 to show that f is differentiable at x =0 and find
S(0).

(c) Show that £ is not continuous at x = 0,

(d) Letg(x)=x"ifx<0and &(x) =x"sin (1 /%) if x> 0. Determine whether
ornot g is differentiable at x = 0. It is, find g’(0).

7. Determine for which values of x each function from R to R is differentiable
and find the derivative.

@ () = |x-1] () f() =[¥-1] %
o (©) f(x) = |x] (d f&x) =x|x] A
%) Let £(x) = x sin (1 /x*) forx %0 and £(0) = 0.
bl (a) Show that £ is differentiable on R.
(b) Show that £ is not bounded on the interval [~ 1, 1].
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Let f(x) = x* if x>0 and f(x)=0ifx <0.

(a) Show that f is differentiable atx = 0. #

(b) Find f'(x) for all real x and sketch the graph of /.
(c) Is f' continuous on R? Is /" differentiable on R? #

Complete the proof of parts (a) and (b) of Theorem 6.1.7.

/ ,‘ [ 11) Let f(x) = x” if x is rational and 7 (x) = 0 if x is irrational.
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17.

(a) Prove that f is continuous at exactly one point, namely at x = 0.
(b) Prove that f is differentiable at exactly one point, namely at x = 0.

Prove: If a polynomial p(x) is divisible by (x - ay’, then p'(x) is divisible by
x—a).

Let f, g, and 4 be real-valued functions that are differentiable on an interval /.
Prove that the product function fgh: I — R is differentiable on / and find

(fghy. *

Let f:1—J, g:J— K, and h: K — R, where 7, J, and X are intervals.
Suppose that 1 is differentiable at ¢ € /, g is differentiable at f(c), and A is
differentiable at g(f(c)). Prove that / o (g o f) is differentiable at ¢ and find
the derivative.

. Suppose that /:/ - R and g:/ — R are differentiable at ¢ € [ and that
© gle)=0.

(a) Use Exercise 4(c) and the chain rule [Theorem 6.1.10] to show that
(1/9)'(0) = —g'©)/18©)-

(b) Use part (a) and the product rule [Theorem 6.1.7(c)] to derive the
quotient rule [Theorem 6.1.7(d)].

Let 7 and J be intervals and suppose that the function f': 7 — J is twice
differentiable on 7. That is, the derivative " exists and is itself differentiable
on I. (We denote the derivative of /" by f".) Suppose also that the function
g:J — R is twice differentiable on J. Prove that g o f'is twice differentiable
on / and find (g f)".

Let 7:7 — R, where I is an open interval containing the point ¢, and let

k € R. Prove the following.

(a) fisdifferentiable at ¢ with £'(c) =k iff lim, o[ f(c+h) — f(0)]/h = k.

*(b) If f is differentiable at ¢ with f'(c) = k, then lim;_ o [f(c + h) —

fle—-m)/2h=k

(c) If fis differentiable at ¢ with f'(c) = k, then lim , ., #[f{(c + 1/n) -
flol=k

(d) Find counterexamples to show that the converses of parts (b) and (c) are
not true.
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Section 6.2

6.2.1 THEOREM

18. A function /:R — R is called an even function if J(=x)=f(x)forallx e R.
If f(=x) =-f(x) forall x € R, then f is called an odd function.

(a) Prove that if 1 is a differentiable even function, then #” is an odd
function.

(b) Prove that if f is a differentiable odd function, then £’ is an even
function.

19. Suppose that 17(0) exists and that f(x + »=fx) f(y)forallx,y e R.
(a) Use Exercise 17(a) to prove that Jf'exists forall x € R, +%
% (b) Find several different functions that satisfy the given conditions.

THE MEAN VALUE THEOREM

The mean value theorem (also called the law of the mean) is one of the most
important theoretical results in differential calculus, Its proof depends on
the fact that a continuous function defined on a compact set assumes its
maximum and minimum values (Corollary 5.3.3). In this section we establish
the theorem and derive several of its corollaries. We begin with a prelimi-
nary result about maxima and minima that is also of interest in its own right.

If /s differentiable on an open interval (@, b) and if f assumes its maximum
or minimum at a point ¢ € (g, b), then fe)=0.

Proof: Suppose that f assumes its maximum at ¢. That is, f(x) < f(e) for
all x € (a,b). Let (x,) be a sequence converging to ¢ such that a < x, < ¢
for all n. (Since a < ¢ we may, for example, take x, = ¢— 1 /n for n
sufficiently large.) Then, since 7 is differentiable at ¢, Theorem 6.1.3
implies that the sequence

(f(xn)-f(C)J

%, ¢

converges to f’(c). But each term in this sequence of quotients is non-
negative, since f(x,) < 7(c) and x, < c. Thus f'(¢) = 0 by Corollary 4.2.5.

Similarly, let (3,) be a sequence converging to ¢ such that ¢ < y, < &
for all n. Then the terms of the sequence

[ f(yn)—f(C)j

Yn—¢C
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