
S3 : permutations of {42,33 gag,

'Coxeter diagram

S = { S , ,Sz , Si = ( i iti )

Relations : . Sf -- Sz! I - id

*

.

5,529--525152 µ or $

S4 : permutations of {1,213,47 .-→ qS
, S2 S3 e o a o

S = { S , ,Sz,Sz } , Si = ( i iti )

Relations : . sf=si=sj= I - id sis,
-_ Sgs ,

• 5,5251=525,52
÷ 525352=5345, $ " #



By Generating set : S -- { si , sus , Sy} ÷g÷sy
Relations : . Sf -- si -- sp -

- Sj =/ -- id
• Commuting generators :

S
, Sy = Sys , 5254

¥:::*
:: iii. in:S:&:÷÷. ..:*:D

525352=535253I Szsysz = Sy Sy Sy
9999 ) = sins , (④ ④ f- sis. I ④)

-
- si ⑦ )
-

- ① ④



By
£o→→
S, Sz Sz S4

Draw the reduced word graph of w
-

- S
,55,525525 ,

= 1212321

12/2 32 I
- braid

/ \
- commutation

2121321 121323 I - 12 13213
l l l212312 I

123 I 23 I- 1231213

" Matsumoto 's Theorem " Can move from any reduced expression of
a fixed w EW to any other using only commutations and

braid relations .



Fully commutative Elements :

Def : tf for any
two reduced expressions it , and wz

for WEW
, we can obtain one from the other

using only commutations , then we say w is
fully commutative .

Criterion : Stembridge)
An demit wG W is fully commutative if and only if
no reduced expression for w contains an opportunity
to apply a braiding

depends on the length of the relation



① How can we tell if an demit is fully commutative LFC ) ?
-The def . suggests we draw the full reduced word graph .

- the criterion suggests checking all reduced expressions.

- Use heaps !
-Define via examples !



Heaps!
Example 't : Ss ( T.z-g.mg) & Iss:{§

,

535453 = 545354

w
-
- 5,5253545253 (not FC )

don't commute.

✓braid move !

commute !÷E÷÷⇒⇒
Example 2 : Ss 9777

17--361

w= 5,53525451



To-do for next Thursday (2/612020)
• In the symmetric group, Ss , draw the heaps of the FHwing words :

• S
,

S
, szs , Sy g

• Are any of these words equal in Sy?
• syszs ,

s
, sa

• Are any of these words reduced ?
• szs , Sy Sss , sa

. Do any of
these words represent

• S
,
s
, Sy S , Szasz

fully commutative elements ?

• In either Sy or type By , find an element with at least 3 heaps !
• What properties of the heap of a word show that it is the

heap of a fully commutative element?
I look at Stembridge's criterion)



• For thought : let W be the group with
the diagram

^÷fTg-qf.!
° Vertices are generators that square

to the identity ;
• edges indicate relations of thef. reef;E÷IEffed by an)

•Tell me whatever you can about the element represented by the
word

w = abxyzcdzyxabx
Is it reduced ? What might the heap look like ? Is it FC ?(
what else do you

want to know? )


