
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday, 10/23- I
LII, X)+O, part A : the case of real X .

Theorem 6 . 19 .
If X is real and

A(n) = x(d)
,

din

then Aln)" O for all n . Moreover
,
if n is a square,

then Aln)"' for all n.

Proof
.

All = &(1)= 1 : the case n=' follows .

Now suppose r a
n =

, pi

with each pi crime and each aie Since
I ↑ o

A = XXU and & and are multiplicative,
so is A , so

A(n) = *
, Alp :a) .

Note also that n is a square
iff each ai is

even . So it's enough to show that , for p

primeandas I!e Alp4?O, and !

For suchp and a, we have
ta t

X(d) = XAlpa)=
epa

% R(p) -
=

(p) .

Now since X is real
,
we have only three

possibilities : x(p) = 1
, x(p) =0, or &(p) = - 1

.
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If Xp)= 1, the sum on the right walseq
I a
,
which is I

,
and we're done

.
If

not, this sum equals

1- x(p)
**

-

I
1 if <(p) =0 ;

1- x(p) 0 if X(p)=-3 and a is odds
1 if X(p)= - and a is even

and we're done .

lext, we need a lemma :

Theorem 3 . 17 .
Let fig be arithmetic functions; let

F(x) =
n =X
f(n)
,

G(x) =
n =x
S(u).

Then
,
for
any a be1R" with ab=x

, we have

n =x

fxg(n
=

- =
af(n)6(x)n) +

n =
g(n)f(x(n)

- F(a)G(b)
.

Note that putting (a ,b) = (1,x) and (a , b)
= (x

, 1)
into Theorem 3

.

17
gives Thu . 3 . 10 .

Proof
.

We have

nex

f *g(n =
nxdIn f(d)g(n/d)
falg() ,

(d X



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

by putting c= uld . Now note that, if ab=X,
then

\(c
,

d) c 2+x [+ : cd<x3

- ((c
,
d)+x+ : <dix and dia

~ E(c
,
d)C &+ x1+

: cdx and c = b 5
.

The union is not disgant
:

the intersection of
the sets on the right is

E(c
,d) + x +

: cd=x
,
da

,
and =b3.

So

nxxf*g(n) = fldlg(c)
(d=X

- -xxf(dlg() +dy() fldg()(d (x
& G G& b

- f(d) C) I f(d)ga (2b3()& =xc&= a -Yd
-

d =G

f(d)(sg(c)

-

d=a
f(d)G(x/d) + (syy()f(x)c) - F(a)G(b),

as claimed.

lext, we have

Theorem 6
. 20 .

Let bercal and nonprincipal ; let



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

H

A(n) = X(n) and B(x) = A(n)
.

din n =x
U

The
al B(x) -N and x ->x

,
and

(b) B(x) = x((1
,
x) + 0(1)

for XI
.

Proof
.

(a) By Thm . G . 19,

B(x) = A(n) A(n) A(m2)
n = X meXI Mnix

nicasquare m X

- Almi) 1
m ? x M m

= x M

which to as x- because the harmonic series

diverges .

(b) We have

B(x) =
n =x

n din
X(d) = X(d)

·

nex In uldd

fxg(n) ,
n=X

where f(n)= X(n)/ n and g(n)=1 n .

If we define

f(x) = nxxf(n) = X(n) and G(x) xx9(n) - n =x n
n =x n



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤

then by Thm . 6 . 19 with a = b = x ,

B(x) =a f(u)G(x/n) +
n =
g(n)f(x(n) - f(x)G)x) .

We'll finish this proof next time . In the meantime
note that

,
if 11

,X)=0, then Thm . 6. 20(b)

implies B(x)=O(11, contradicting Thm . 6
.
20 (al.

so
assuming Thm .

G
.
201b) , we have

Corollary
X real

, nonprincipal => ((1,X)F0 .


