
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, IIIIs I

PNT
,
continued .

Recall : we've shown

STEP 1 : 4x)wx => T(x) - x agx,
where

4(x) = A(n)
.

n X

On to

STEP 2
.
Show that , if we define

4
,
(x) = SY 4 dt

,

then 4
g
(x) < x2/2 P(x) X

.

This follows from a sort of "l'Hpital's
rule : "

Lemma A Apostol, ch . 13
, Lemmah . 1

Suppose alnl0 for nets
A(x) =
s x a(n), and A

, (x) = SY Altldt .

Ther
, (x)
- Ly A(x)-cLx?

for C
,
LE/R .

Proof
Since aln) O VIn

,
Ax) is nondecreasing .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

2

so
,
if >

,
then

A
, (fx) - A , (x) =S

-

AluSdr A(x)S du

= A(x) ·x/--1) . So

xA(x) <g-1 Al9X)-AX) ·
So for cEIR ,

A(x) = 1

(1) &
= A

,
(x)

x
< & - 3 x

letting x-10,

Iss As!"- ,
4: &: 1) .

g-1

This is true for all >I , so it's true in the
limit as o -> 1 % So

lim > AY? :him
= L

.
(x)su

x -> N f- 1 + & - 1

Similarly, if 0x1, them

A
, (x) - A , (xx) = A(x) . x(1- x),

so xAIxY A , (x) -A , (X) so for CCIR
,

xs

Al! I A , (x) - A . (xx) a ⑧

1 -2 X (xx)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

Letting x-so gives
him inf A(x)> 1 (12aY = LI x

·

x ->0 x" 1- 1 -x

This is true for all 01
, so

it's true

as 2- 1, so

limes Al !
" Lim !2 = <

· (xx)
x + 1 - 1 x

Together, (X) and (xx)give the result . I

STEP 2 follows
; on
to STEP 3

.

We wish to show that, for X, b,
c+i&

Pg(x) = 1 S x
"

3'(s) ds .
x
* 25i cixs(s+1) 3(s)

We begin with :

Lemma B (Apostol, Lemma 1 , Ch . 13)

fall) is an arithmetic function and

A(x) =
n =x a(n),

then

nxx(x- n)a(n)
= S

,
YA(t)dt

.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

④
Proof

.

By ASE with f(x) = x and y
= Y

,

n xna(n) = x A(x) - AlY2) - SY Altdt
= xA(x) - S ,

Y

Alt)dt
,

since AX) =0 for x < 1.
.
Since

xA(X) = x a(n)
,

n =X

the result follows .

Putting aln)=X(r) into Lemma 1 gives

corollary
4g(x) =

n =x(X - n)n(n) ·

For the next step , we'll need

Lemma C (from somewhere in Apostoll .

For Rels)>I
,
we have

- 3'(s) =
*

NrIn
3(s) n = 1

Proof
.
We've secu (HWH1, Exercise

#(A)) that, for Rels)> I,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤

31S)
= Minin :

Also
, by term. by term differentiation,

&

S'(s) = - 10 for Res> 4 .

n -
9 n

So
,
for such s

,

& *

- 3'(s) =
d = c=

M(d)logc(cd)
-

3(s)
*

put n =<d =
n
=

1

n
-S

an
Mid) log("a)

&

-

n= ,
Xn)n

by Thm . Galla


