
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday , 10/30- I

The Prime Number Theorem (PNT1 .

It say,(x)-x that is, lim TIX)= I

logX
x-> x/logx

where, for XIR+
T(x) =

n <

b
-

Strategy of proof !

STEP 1
e

Show PNT is implied by the statement

where definition
(X)

4(x) =
n =x X(n) ,

↑ being Mangoldt's function .

STEP 2
.

show that (x) is implied by the statement

Y
,
(x) - x4/2

,
(xx)

where

Yg(x) = S, Y(t)dt .
STEP 3 Show that

Y
,
(x) = 1 gaxx X

c-1
- 3(s) ds

,

(xxx)

for

* 24i <xics(st1) 3(s)

any X, >
% .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑳
STEP 4 (the big onel .

show the right side of (***) approaches
Ye as x ->0.

This will do it !! So on to

STEP1 (Apostol sections 4 . 3- 4.4)
.

Let

Y(x) = N(n)
n = X

where

Mn1 = Glogp is, power of
the
prime a

We have :

Theorem %
.
Ia

Let

&(x) = px log p .

Then for x>I
,I

0 = Y(X) - O(x) = logx &

X X 210g2 x

Proof .
We have

↑(x) = nxxM(n)
=

m
=p :pr=x logp

-

m= 1 p = x
"m logp ·

sty ifBut note that the sum on p is
emy

- this↑log2, because inmelog2
,mTo logh, so

3

[S2



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3

X
"m

=> emlogx , 1092
: 2 .

So
4(x) = O(x m)

-

milog2 x P : x
"m10gP =

m < log2X

But the
p x)-0(X) = O(x"m)

.

2 m ! logzX

Each summand on the right is 0, so 4(x) -0(x)
>0

.
Moreover,

O(x =

, =x1094 pxx9xxlogx>
so

x logx"m0 = P(x) - 0(x)
> ms log

~x "logx" ↓
12 m =

log2X
=
x . logx · log2X

- 10 2xI C

2 log2

Divide by x toget the result .

Note Thm . 1 . 5 implies that

lim 4(x) 0(x) =0 .

X -> 0
X

So 4x1 x implies Oxx1-x .
If we can

show that 0(x) - x implies +(x) - x/log X>



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

then we'll be done with STEP 1 .

Theorem %
.
%
.

If G(x) -X
,
then Ti(x) < xllogx .

Proof

Suppose O(x) -X : then lim O(x1/X = 5
,

X-

so O(x) = x + RIX)
,
where m RIx)/X = 0 .

Now apply ASF, with
A(x) = O(x) =

=x
a(nilogn ,

where all)=1 for ~ prime and O otherwise,
and with f(x) = //log x, y = 3/2 .

weget

π(x)=

p =
x 4= n = X

alnlognf(n)

= 0xx) - 01) - ! Egg atlogX log/2
- x + R(x) +f. g at

logx

x "By gi at .

Sox(x)
= 1 + R(x) + 10). gat .

x logX X



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤S

wewant
to

showthathe let sideapproachesSee
enough to show that

*S" t&to as x-,

which will certainly be the case if the integral is
ONX log2 x) · But, since RIC) + ->O as +-O,
we have RIt)=0 (1), so

S* + RIC &t
= 0 gat

=OCS afllogt
floght

-OIS,
*

atllogt+ S dtlogt)
= 0 x 10g22 + 0((X-x)gx)

-O(X/logx), and we're done

(with STEP1) ! It


