
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 10125-
More ((1

,
X) + O .

Recall : to show LII,XIFO for X real and

nonprincipal , we need only prove :

Theorem 6 .
201b) (slight return) ·

suppose I is real and nonprincipal,

f(n) = 2 (n n
, g(n) = 1 n ,

f(x) =
n xf(n), 6(x)=

n =
xg(n) .

andB(x) = f(nlG(X/n) +
n
=

x

g(n)f(x/n)
n X

- f(x)G) x 1 .

Then B(x) = 2 x <(1
,
2) + 0(1)

.

Proof
.

Recall that, for certain constants A, B10 :

(iG(x) =
xxx

= 2x + A + 0C1 x) (Thm
. 3 . 2(b)) ,

(ii) f(x) =
nx X(n) = B + 0(1x (Th . 6 . 18 (1)

,

linsx 4n)=((1,2) + 01IX) (Thm
.
6
.
18(all

.
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So (i) and (ii)

B(x) =
X

XIn) G A + 0 M

n = n X

t

n = X n

3 +0
- B +O(x- 2x

"
+ A + 0(x- +1)

X(n) + A X(n) +O I I= 24 = x n n = X n n = X

+ B 1 + 0 I I - 2Bx" + 0(1)
n = x n X n

=

X

= 2x((1
,
x)+0(x)) +A 3 +0(x- ))

(iii
,
(ii

,
(i)

/+ 0(1) + B 2x"+ A +0(xY)0(1 - "+0(1)
=2x((1

,
x) + 0(1)

.

Finally , we need only show that L(1,X) FO
for & nonreal . To this end :

Lemma 7.8.
If X is nonprincipal and (11X)=0, then

L'(
, 4) nxx M(nX(n) = logx + 0 (1)

forX .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
Proof

. Assume ((1, X) =0 .

Recall :

(iv)
x Yulogn =-L'(1, 2) + 0(" (Thm 6 . 18(b))

,

(v) sylogn = xogx -x + Ollogx) (Thm
.
3
. 15)

.

Now define f(x)= xlogx for x " 1 , and

G(x) =
=x x(n)f(x/n) . Then

G(x) =
n =x

Mn): log Yn

-

XogXnsx (n) -
n x Xn) logn

! (i xgx((
, x1

+0(x) + x L'(, X) + 0(105
x

x L'(l,x) + OClog x )
,

Since ((1, 2) by assumption . But then, by
generalized Mobius inversion, since I is
completely multiplicative,

x log x = f(x)
=

n =x M(n)X(n)6)Y/n)

-n
x
u(niX(n) L'(l

,2) +O(log
=> x()

, x)nx
xM(n)2(n) + 0 nixog(X/n)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

④
or, dinding by X,
logx

= ('(1
,
X In

=x M(uX(n) + 0 1

x n =xlog(x/n) ,
and we need only show the quartily in 0)1
is 0(1) .
But

logX
x nsxlog(x

ni =
x
next - x n

=

xlog
-
- 10

(v)
qx(x+0(1) - 1 (xlogx - x +Ollogx
X X

logx + 0 (
"

ogx
+ 1 + 0 ( 193x

= O(I)
-

Next, let
N(K) = /Enourcal & modk : ((1,X) =031 .
To
prove Dirichlet's

theorem
,
it now suffices

to show N(K) =0
.

To this end
,
note that NIK) is even

,
since

((1,X) =0Ex 0 = (11, X)
=(1
,
2)
,
and for

X noureal
,
2 *Y

Lemma T. To

p= X
logp =

1 N(() log x
+01

p
= A (modk)Y
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This proves N(K)
=0

:

if not then NCkK, 2,

meaning the right side above -> - as x+% .

But the left side is 0 . ]

Proof
.

By Lemmas To and ToS,

p
> X logp = lo

I
,
In

XrIp)lop +O(1

-Y
,

P
= I (modk) P (k) g(k)r =2P Xp

=logx+
14

-L(1
,Xr

= M(nIX(n) +O(II .
g(k) g(k)r

=

2

Now if (11, Xrl=0, the summand in is
- logx + 0(1), by Lemma 1.8 . If not lin I

articular
,

I

if Y is reall, it's 0(1) by Lemma 7. 6 . So

logp = logX + N(k) (- logx) +0(1)
p > X

p
= 1(modk) P g(k) y(k)

-

1-N(K) logx
+Ol e

I

DONE !!


