
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday , 10/18 - D
Dirichlet's Theorem

,
continued .

Recall :

Dirichet's Theorem
,
which says

:

if >O and (h
,
K) = II

then Sprimes pip =h(modk/31
=
-
,

is implied by
Th .

7
.
3 For (h

,
k)=1 and x < 1

,

jogp =

911)10gX
+O(I) .

p
=X I

p
= h(modk)

Towards Thi . 7. 3, we've proved :

Lemma 7%. For (h
,
K)= 1 and x <

,

logp =

I

p
= X

p =h(modk)
P gen

inI

G(k) r= 2

x
pox Yelplogp

+O(II
.

So we need only show that, for 2 rig(k), the
sum on p, on

the right, is O(1 .

To this end
,
we'll show :

Lemma 7. 5 :
For X*1 and &* Rg)

p =x x(p)logp
=
-(1

,x)
n=x MinIX(n) +OCl,
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where

L'11
,
x) = - , Nullog h

which is finite by Thm6 . 17 or Thm . G. 18(b)

Dirichlet's thm, Will then follow if we can show
that

n = x M(n)X(n)
= 0(1)

.

Proof of Lemma 7. S .
Let

M(n) = &189p if his a power of a primep,if not .

Then
⑧

(a) X(pa)x(n) / (n) = x4
n ! X

n
a= p X P

a

⑧

10-

p =x X(p)logp +
G=

x(pa) gp ·

P
2 pasX pa

Now the double sum on the right is bounded
in absolute value by

& N

logn =
⑧

log-= logn
n=a=2n= 2 na 2 a =2 n

=

n(n - 1)

- (independently of x . So

x(n) /(n) + O(1) .
p =x

(p)logp =

n xx
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
But by Thu . Zells

X(n) =
din
Mdlog(u/d),

so

p
-
x X(p1op

= X(u) mid)log(n/d) +O(
n =x n dIn

/X
write
n = cd a x

M(d) xd XIudlog( +Ol i

-

ax
M(a)X(a) X(c)log + 0(1)
d c X& C

Xx
by Thre.
6 - 18161 , d xMIdd "11

,
2) +O log(xId) +Ol

Nd
since dX

=> =

-(1
,
X)
d =x u(dX(d) + 01axog(x/d)d

+O(I)
.

We'll be done if we can show that the quantity
inside the first Ol I on the right is O(1) . But

xasylog(x/d) = x a =x x -axxogd
&Y

↑hms . 312(b) = x x logx - xogx - x +Ollyx
and 3 . 15

X x+OllogX - xlogx x + Ollog x 1)

ollogx) +Ollogx)
= 0

,

and we're done
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So
, again , we need only show that

n =
MIniX(u) = 0911

.
(X* Xg, XY 11 .

M

We'll
prove

:

Lemma 7.Ge

For X*
g
and x?1

,

(
,
X)
n =
MIniX(u) = 0(I) .

M

[Then we'll still need to show that LI1
,
XI*0

,

for X* &go

Proof of Lemma 7.6
.

Recallgeneralized Mobius inversion Thre
2 . 23 : if F

,
6 : R+ C satisfy F(x) = G(x) =0

for Xe (0
,
11

, and < is an arithmetic function,
then

G(x) = n=x(n)f(X/n)
x=x F(x) - nxxk(n)x(n)G(Yn).

Apply this with <=Y and f(x)=x (x>,1). Then

G(x) =
n =X
XIn =

X
n x Mn) ,

so for xY]
x
= F(x) =

n =xM(n)X(n)G(2)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

S

-X
n =xM(n)X(u) X (m)

·

n m
X/n m

By Thm .
6 . 18(a)

,
the sum on the far

right is (11
,x) + 0(4/X) , for xIn>5 (1. 2.

n = x) . So

x = Yn= xM(n)X(n) ((1,X) + 0(n/x
n

-x()
,X)n=xM(nX(n) + x - 0

n = x X

= x((1, x)n=xM(n)X(n) + 0(X) .
Divide by x toget the result . #

So now
,
we need only show (11, X)#0,

for +Xy . We will need to consider two

separate cases :

(a) X is recal li . e. recl-valued I
(b) & is nonreal (i.c. not reall .


