
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday 10116 - ⑪

Dirichlet characters, continued .

Throughout, ke" is fixed, I is a Dirichlet
character mod k

,
and By is the principal

one
-

Recall Thu .
6 . 17

: if & *&f is decreasing,I)

nonnegative, and continuously differentiable
on [xo,al for some yo IR, and f(x) +0
as x- 0, then for xYXO)

x(n) f(n) = ne
,
x(n)f(n) + 0(f(x)),

n = X

the sum on the right being convergent .

Applying this with fix : Y,* and X

respectively gives

Th
.

6
.
18 f*R, and x> 5

,
then

(a) x(n) =
↑

X(u) + 0(1/X) ;
n x n n= 1 n

(b)
n =X Xylogn= Kullogn + 0 log*

-x(n)
+ 011 x ) .(c) x(r) =

n=

n
n =X

H

Remark : for I * y ,
define the "Dirichlet

11

series



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑳
Ls

,
x) = 4(nin !

By Ihm .
6 . 17

,
LIS
,
X) converges for

>O.

In fact , one shows it converges uniformly
for s in compact subsets of 10, 01.
So we can differentiate term by term ,
for >O :

L'1s
,
X) = = ullognn

So Thi
.
6

.
18 reads :

Thm 6 . 18, reprise .
or +R, and x ,

(a) X(n) = ((1
,
x) + 0(1/X),

n =x

(b) Xinlogn =- ((1
,
x) + 0(1);

n = X

() X(n) = L(Y
,
x) + 0( /X) .

n = X
n

Dirichlet's theorem on primes in
arithmetic progression .

Theorem :

If O and (h
,
k) = 1

,
then the

progression
h
,
h+ k

,
h+ 2k, ...



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
contains infinitely many primes .

Note that Dirichlet's theorem is implied by :

Theorem 7.3
-h>0 and (h

,
k) = 1
,
then AXY

,

logp = 1 log x +O(1) .
p > X

p
= h(mod() P q(k)

Remark :
recall Th

.
1 . 10 :

pex 1994
=

log x +O(1 .

This and Thu . 7 . 3 imply that primes
are
,
in a sense, evenly dis tributed among

the y1K equivalence classes h modk
such that (h , k)= I .

To prove Thm . 7.
3
,
we'll need some lemmas .

Lemma 7.% For x") and (h
,
k)=5

,

P X
logp = (109x

p
= h(modk)-sin

YrIh'p xYr(p)logp + 0 (1)
.

G(k) r=2 P



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

④
Proof

.

We first rewrite logy, as follows . By
XThm . I . 10 and by adding and subtractings

log x =
pxx

1934
+ 0(1)

> / I
p =xYy(h)2y()log4 + xx)) - 4y(h)xy(p))logp + 0(1)

.

P

Now note that Ry(h) =%, since (h , k)= b .

So 1- 2g(n)4g)) - Rylp) . This is non-
zero only if &sp) +1, meaning ( , k)>3,I

meaning plka The number of 3x with plk isI
finite and Independent of x, so 1- 2y(h)4g(p)
is nonzero only finitely often . So the second
sum on the right siche of the above equation
far log is O(1

.
So

3logX=
p X
Rs(h) 4g4)logp + O(1 .

But then the right side of Lemma 7.% equals
I xg(hixg(p/logp
g(k)p=x P

+19(Xr(h)pxxYr(p)logp + 0(1)
y(k) r =2 P

=F
&Y gIK

Gr(h)px Xr(p)logp + 0(1)combine

terms G(k) r= P



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

St
9(1)p -

x10p4"4r(p)4rIh) +08switch
order of pr

= 1

summation

/Y
Orthog

> logp + O(1)
,onality

-

Ihm . 6 . 16 P X P
p = h(modk)

and we're done . I

Note : if we can show that the sum

Xr(p)logp
6 = X 3

appearing in
Lemma To is 0(1) for each

~> I
,
we will have thi . To 3

,
and hance

Dirichlet's theorem:


