
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 10/11 I

More characters .

(A) Orthogonality, revisited .

Recalthe Orthogonal relations fo a
fite

character roup G = Efgifz..... An 5 , whereI
Is is the principal character :

"Silan)flak) = dij COR
,
)

n == 1

115i = n) and-d

1"Elailflaj)= dij 10Ra)
nk= 1

(1 i
,j =
n)
.

Idij=5 if i =j , 0 if not) .

Again , (ORg) says EnYf:: Isn' is an
orthonormal basis for the space of functions
on Go

What about (ORal ? Well i note that aitGany
defines a character on G (i . e . an element
of ) bu

/ai)f() = fr(ai)
aie Go

,
FRE -

So lORa says
: En'" ai : I :=3

,
considered

as characters on G, forms an orthonormal basis
M

for the space
of functions on Go



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

(B) Dirichlet characters
Def'n: a Dirichlet character & mod K is an

extension to [of a character f on (I/k) ,*k

where the extension is defined by
x(n) = xf(n)= f(n) if (n , k) =3,

O if not .

Note that :

(a) A Dirichlet character modk is periodic,
with period K.
Proof ! spose mine & satisfy m = n + lkSu

for some le 40 Then (m , k)= (n+11, () = (n , k) .
If (m , k) = (n , k)

= 5
,
then (m) = f(m) = f(n) = X(u),

while if (m ,
k) = (n

,
k) >1

,
then X(m) =0 = Y(n) .

(b) There are G(k) distinct Dirichlet
characters mod k ②

Proof : (I/kI)*: g(k), so (IlkIl
*
=G(k) .

Moreover
,
extensions 4) and Xy of

distinct characters + andg on
(III) *

must be distinct
, since yq(u)= &g(ul An

=> f(n) =g(n)+n =x + =g -

(c) Dirichlet characters are completely multiplicative.
Proof : If (m

,
k) = (n

,
k) = 3

,
then

X (mn) = f(mn) = f(m)f(n) = X(m) X (n) .
If (m

,
kK1 or (n , k)>), then either &(m) =0

or X(n) =0, so &(m)X(n) =0. Moreover , in
this case, (mn, k)>1 , so X(mn) =0

= X(m)X(ul .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

completely multiplicative function & on(d) AY th period k, and such that X(n) =0wL

for (n , k1>5 , is a Dirichlet character mod
Ka
Proof : for such a X, define a function
fon (InR) * by f(n)=X(n) . One checks
that I is a character, and that = Yf .

G for the set ofNow write ERs
,
Xz. ...&

Dirichlet characters mod K, with , the

principal Dirichlet character (1 . e . Xy= Yfg1 ·
Then COR), with the fact that Xr(m)

=0

for (m
,
k)>5 and Ir>g(k) , yield

Theorem 6
. 16 .

- (n
,
1)> 1

,
then

"
zr(m)Xr(n) = -46K) : (mackl

,

r = 1

(C) Sums of Dirichlet characters .

Theorem 6 . 17

Let X be a nonprincipal Dirichlet character
modk

.
Let f be nonnegative, continuously

differentiable
,
and decreasing on Xo, for

some XoGIR . Then for No Xsy , we have

(a) X(n)f(n) = 0(f(x)) for XXol
x<n =4

dependently=0
,
tea

x ->8



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

④
(b)
"

X(n)f(u) converges, and for x"Xon = 1

(C) X(n)f(n)= ,

X(n)f(u) + 0(f(x))
.

n =X

Proof
Let A(x) =

n sx
X(n)

.
Then A(x) = OCI) by

Apostol Ch . G, Exercise IS (see HWS. )

So by ASF , we have

x(n)f(n) = f(y)A(y) - f(x)A(x)- SYA(t)f'(t)dt
x< nsy

-0(f(y))+0(f(x)) + 0( S,
"
- f(t)dt)

- 0(f(y))+ 0(f(x)) + 0(f(x) - f(y)) = 0(f(x)),

because f is decreasing, so fly)
: f(x). This proves

(a) .

If f(x) - 0 as x - x, then Cal proves
that

the partial sums
x(n)f(u)

n =N

form a Cauchy sequence, which proves (b) .

finally , if lim f(x) =0, then

x(u) f(n) = - ,
X(nif(u) - x(n)f(n),

n = X n>X

with both series on the right converging
by part (b). Moreover,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

S

X(n)f(n) = lim X(n)f(n)
,

n >X y
- xxansy

which is 0(f(x)) by part (a) . So part (c)
is proved . I

Applying Thi 6 .26 with f(x) = /x , Y and X

respectively gives

Thm
.

6
.
18 X is nonprincipal modk and

x> I
,
then

(a) x(n) =
, x(u) + 0(1/X) ;n x n

(b)
n =X Xylogn= Kullogn + 0 log*

(c) x(n) = xn) + 0)1 x )
.

n =X
H


