
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday, 1019
More on characters .

(A) The character group G .
Again , G is a finite abelian

identity 3e5 . Write /61-grap
with

Note that
⑦ = Echaracters on GE

is an abelian group under Plagialtion (1
. & a fmultiplica
G

for I
,
=
,
a(G)

.S
The identity EgC is the principal
character ty defined by fs(a)= I HacG-

3

The inverse I"of fe isgiven, for alG,
f -(a) = 1/f(a) = f(a) , since f(a) is

a Yoot of unity -

By Thm . 6 .8 of last time, IG1
=

n
.

1B) Orthogonality of characters .

Write G: Eag ,Gerson Ans
8 = Efg

, 72,..., fnE.

We always assume that Iy is the principal
characters

Let A denote the matrix with filaj) in
the ith row andj

t
column (9 =by= n) .

We have



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
Thi

.
G
.
10.

· For Isish , the sum

"Silal
k= 1 k

of the it row entries of A equals n if
i=I and O otherwise

.

Proof
In the case i=1, we're simply addingI to itself a times .

If : # %
,
then I I sh : filap ! O.

Note that the set Sanas , amaz ....Grand
is just c again /since apGr = anas
=> Gr=Gs) . So

, since fi is a homomorphism,

filant- Filarant Filmel filap .
So

(I-filanl)"filap) =0 ;
k= 1

since filan)* I, the sum must be
zeroyt

Remark &
⑳
-

Let f
I
fo e G. Note that fity=by iffid

-

= 1
.fi = Ij I

So Thi 6. 10 is often written

filap)fjlak= i?
& CORg)↓ I

(1 ? :, =n) a-



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤

Next
,
we show that A is invertible :

Thm 6 . 11. . We have A = n
*
A , where

A * is the conjugate transpose of A . That
15

AA
*
= nI

,

where I is the nxn identity matrix.

Proof.
Recall that A has filc in its it
row and kit column . So

, by definition of

A
*
has gla in its kith row and

column : So by definition of matrix

multiplication . A
*A has

"filak) fj(ak ,
k = I

t
in the i row and It column

,

and the result follows from (ORg) · It
consequently,
Thm . 6 . 12. . We have

Filai) flaj)=nog; lORal
for lj'sn , where dij=&"at!
Proof

Multiply the nation AA
*
=n by A

-5

on the left and A on the right, toget
A
*A = A

*
n IA = A Ant = n5-



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

④
So A

*
A has noij in its it row and

-; column . But by definition of matrix
multiplication, it also has

flaifilaj)
there

.
Now swap ; andi to get the

desired result .

Note that

, flail filaj)= filaags .
So putting age into the above theorem
gives

Theorem 6 .
13
.

is
Fulail = Es s:

Remark 2
.

lORg) is called an orthogonality relation
for the following reason . Consider the inner

product
xf
,g7 = E

, fan)g(ai)
of functions figon G .

lORg) says <fi , fj Y= ndij for /Si,j =n,
meaning

Ef
,, tz.... In is an orthogonal

set .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤

In fact it's an orthogonal basis (whose
elements have norm n)

, since the

space
of functions on G has dimension

161 = Ho


