
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 10/1 - I

Characters of finite abelangroups
IApostol, sections 6 .%-6 . 7 . 1

Part 0-
Goal : to study Dirichlet characters , which are
nonzero valued homomorphisms on the
group

of unils (invertible elements/mock (k4IH .

11

Ultimately, we'll build a "Dirichlet series

LIs
,
X) from each Dirichlet character Y , for

a given k , and will use these series to study7

primes in
the arithmetic progression

kth
,
24th

,
3kth.... for (h

,
k) = 1.

Part I . Some basics on Elk .

Recall : For Ke" and KI the subgroup
tEkj :je3 of I

,
we know that the quotien

group I/KA is a commutative ring
with

unity . Here, if n denotes the element (+ K1
- Eh+kj : je 3 of /K

,
then by definition

we have

h + 1 = h+1)
hol = nl Ch

,
l = 11 .

The zero in I/KL is O
;
the unity is I .

Also, if we define Sk= En : 0 : < K 5, then

we have I/k= Si

Proof : the elements of Spare distinct, since
ng = nz =

>

hy - he is a multiple of K , and for



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
O : ng , r2cK ,

this implies that is
=

hz - Moreover,
+rne = n = kq for some qire and OS rcK .

So n
= r ; I. e. n belongs to the set Sk ·

So IA/kI1 = K
.

Let (KIKL)
*

denote the
group

of units
linvertible elements under multiplication) in
I/k & . Note that
(T)k)* = Ene11k : (n

,
k) =53

.

Proof : h = h + k2+([/k)
*

<=y =14 : h = x 1 le :

he -1 =0x ]l : +1 12kY
31
,je : h -1 =kj

=x (h
,
k) =6 .

So I/k1)
*

= x(K).

Part #
. Groupsgenerated by subgroups and

elements .

Until further notice
,
Go is a finite abelian

group, and e is the dentify in G .

Definition : If G is a proper subgroup of
6 and acGG

,
then the indicator of

a in G' is defined by

h = min[me+ : a c Co'3
.

Note that h exists since, if a has order n in
G
,
then a = e-6 !

W



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3

Theorem 6 .6 .

Let G' be a 325 Sob 3 of G
;
let

royproy I
at G G'have indicator hin G. Then the
set

6" = Exa : x G' and Osch3

is a subgroup of G, of order 161 . h .

Proof
(a) Closure : if Xa and yat G then, since
G is abelcen

, l+m

(xa)(yaM) = xyc .

Write Atm =

hqtr with que and Og'h. Then
e+ M

= a
nqt (a)a = za for someA

ze G' ! since a G. So

(xa)(yal) = xyza is in G"Since XYZGG'
las G'is agroup) and 0 rCh .

(b) Closure under inverses : Let XeG' and
O :Ah :

we construct an inverse in Go"
lof Xa , as follows .

If l =0 , then X - is the inverse of Xa?
and x CG', so X

-
6"

!

So assume &40 :

so Orch , which Dies Ochlsh . Nowmy
let y

= x " : Since x,
ahtG

,
we have yeG

So ya
h-l EG"! Moreover

Ixa(yal) = xa? x
*

a
** xxahhe

.

So G is closed under inverses .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑪

(c) The order of 16" 1
.

Again, G" is the sat of products of the form
xal with xeG'and O : ech . If we can slow
that all such products are distinct, we'll be dowe.

supposexal ya" for X
,4G, 0 :a mah .

Then
m-

xY
- I
=al so ameG ! Since G' is agroup,I

a
me 6 as well .

So abmeG, so ItmO or Il-m/Phy
-

ky minimal of h .ty
Il-m h is impossible since O : limch . So
It m =0

,
so & = m. But then

xa
* ya", so x =y .

So the products are distinct . El

Part # Characters on Ga

Definition : a character f on G is a homomorphism
f : G-K that's not the zero function .

Theorem 6 . 7 .
#If is a character on G, then :

(a) f(z) =1 .
(h) fla) is a root of unity XacG .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

S

Proof
:

(a) Choose CCG with f(c) FO. Then
f(c) = f(c) = f(x)f(z)

,
so f(e) = 1 .

(b) Let n be the order of a in G . Then

g = f(z) = f(a) = f(a)
Y

so flal is an nt root of unity .


