
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday, 10/2 I

The Abel summation formula (ASA)

lageneralization of ESF .

Thm
.

1
.
2
.

Given an arithmetic function a
,
let

A(x) = a(n) (X30) .
n = X

Assume O <Y -X, and I is continuously
differentiable on Sy,x her

yan=xa(n)f(n) = A(x)f(x) - A(y)f(y)
- SY Altf'(t)dt .

Proof
.

Note that :

(i) For n - &+, a(n) = A(n)-Anol) .
(ii) For te[n

,
n+1) (ne H, Alt)=An !. In particular,

(iii) A(2x3) = A(X) and Al2y3)= Alyl ·

So
note (i)

↓ [x]

y (n = x
a(n)f(n) =

n= [y]+1
(A(n) -A (n-1)) f(n)

[x] [X] -3
- A(n)f(n) - A(n)f(n+1)
n
= [y] + ) n

= [y]

[x]- 1

- A(u) f(n)-f(n + 1) +A([x])f([x])
n
= [y3 + 1

- A([yz)f([y]+ 1)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fundamental Theorem of Calculus 2

x [x]
-1

A(n)S
,

"

(t) dt + A)[x]) -f([x]) -A(2y]/f([y]+ 1)- ->

n
=

[y) + 5

/X x S
*

Aft enote(i)= 5>

+A([x])f([x)) -A)[y]f([y3+ 1)

--I Altf'tat
+A([x])f([x]) - A([y])f((y] + 1)

sunca mentar Sa Altistat
Theorem

of

Calculus - A([x)) Sxf(t)dt-f(x)
- Aly3) Sy** at fly)]

[x]

&*- (cys + Altlf'(t) at -Sc Altf'(tdt + A([x])f(x)
note (ii)

- S (2)+(t)et - A([y3)f(y)

&Y - SYAlt) f(t)dt + Ax)f(x) - A(y)f(y) .-

note (ii); It
combine

integrals Remarks ,
17 putting a(n)-1 into ASAgives
f(n) = - S,[t]f'(dt + [x)f(x) - [y)f(y)

y<n X

= SY It-[t])f'H) at - SYtf't)At



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3

x f(x) - y f(y)

f* SY It- [t3)f'H) at - f) Y + SYf(t)at
intege -x f(x) - y f(y)

= Sy"t - [t])f(t)dt - xf(x) +yf(y) + Sy4f(t)dt
+[x]f(x) - fly),

which is ESF
.

2 . Using ASS, we can derie a weaker form
of the prime

number theorem, as follows

tLe

o is prime,a(n) = x
,
(n) = Gogp i not &I

Note that
, by Theorem % . 10(b) of last time,

A(x) =
n = x

a(n) = Bx for x 5
,
for some BIO .

So by ASS, with f(x)
= 1/10 x and y

= /
,I

and noting that Alt) =0 for +22, we have,3for xY /G,

pex
4 =
nxx

a(n)f(n)

= A(x)f(x) -A(Ya)f(2) = /
Y

Alt)+'(t)at
3/2

= A(x) f(x) - 0 . f (42) - SaAltf'dt



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

1

- A(x)f(x) + S2
Y

Alt)ft dt

<Bx + BJYt - Hoght
&t

logX

Bx + B) gtlogX
substitute
t=E in the- Bx +B) due

integra log
Since eY2- 8 as x->0

,
JN>O

such that
,
if x>N

,
the maximum of e 2

on

Llogh , logx] occurs at u=logX . So for x>N,
A(x) = BX + B . el09Y (log x -2)

Tgx logX

= Bx + BX 6 10

gx log
Sx = 2Bx

·

log X

This
proves that

A(x) = 3 = 0

jgxp>X

The prime
number theorem is the stronger
Iresult tha

- X o

pex
Y

logx


