
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Sriday , 9/29 I

Shapiro's TauberianTheorem .

Last time
, we showed that

p Y logp = xogx +0() for x Y5 ·

We want to the on the left, then
divide throughly .

"

We can do so by :

Thm
.
1

.

8 (Shapiro's Tarberian Theorem .

)

If a is an crithmetic function
,
a (nl>0 Hr ,

↑ and

B

a(n) 4 = xlogX + 0(x) for x 3
,

then

(a) a(n) = log x +0(1) for x 5 .
n =X H

(b) I B >0 such that

- a(n) = Bx for X %.
n!X

(c) I A>O such that

n =X

a(n) - Ax for x sufficiently large .

Proof Write

S(x) = a(n !, T(x) =
=x

a(n) x ,
UIxY a(n) .

n = X k n x n
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We prove
(b) first , by establishing the following

claims
,
under the stated assumptions

:

(i) S(x) - S(Ya) = T(x) - 2T(x/2),
(ii) T(x) - 2T(x/2) = 0(x) .

Note that (i) and (iil together imply
that
,
for some

>O ,

S(x) - *

- =

0

S/X/2")-S(X/2" ) ↳

h= 0
T(x/2") - 2T(y/n+)]

⑳

kx/2n = 2Kx , which is (5) .
n
= 0

To
prove (i),

note that
, since zy-2 y is either

0 or 1
,
we have hy 2 Y for ally, so

T(x) - 2T(Y/z) =
n= xa(n) 2

n = X

X

n 12 zu

-

n =

a(n) 2 X I a(a)YX12 n zu =an x

7

=an x
a(n)
x

= S(x)- S(X/2)
,

which proves
(i)

.

To prove (ii) we note that, since T(x)= xgx+0(x)
by assumption, we have

T(x) -2T(x/z) = xgx
+ 0(x)-2 log +0(x)
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-Xlogx- x(logx-log2)
+ 0(X) = xlog2 +0(x)

=>

O(X),

as required . So (b) is proved .

To
vix)

Prove
(a)

,
note that Xn= In +Oll

, so

-

n =X aln)
n =x

a(n) = xn
=

x
a(n) + 0n

=

xa(n)
I xogx + 0(x) + 0x)

=

logx +O(II,
X

the next-to-last equality by assumption and part
(b) . So (a) is proved.

(c) By part (als

U(x)= 10gx + R(x)

where RIX) =M for some MTO and xYb ./
- 214 - 1

S sose & =e; note that 02 < 1
. Then

iP2X -> I
,

U(x) - U(ax) = logx + RIx) - log(x - R(xx)
-
-

10g x
+ R(x) - R(xx)

- -logx
- /R(x)) - (R(xx))

-
- 10ga-2M = 1

.

But on the other hand
,

U(x) - U(ax) = a(n)= I a(n) = SIX)
,

exchx n xx n>x aX

sos(x)/xs$ for ax ? I
,
which is () with

B = < and x < .
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Finally , we recall from Thi . 3 . 16 that, if
we define

N
,
(n) = Slogp its is prime,I

If met
,

then

nix

hi(n) =

pex Y l
= xogx + 0(x),

so by Thm . % .8(a), we have

Thm
.
1
. 10 -

(a)
pex 18 nxx (n)

=

logx + 0(1) for x .

(k)
pex
logp < cyx for some < O and x " .

(c) pylogp
>
<2 X for some 20, for

x sufficiently large.


