
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 9/27 I

Sums of Dirichlet oroducts
I

Isections 3. 10,3 . III .

Goal : to express sums like

f(l)g(m)
&m !X

in terms of

n = X
f(n) and

nsxS
(n)
·

Not e :

emsx+(elg(m)
=

n x em=
(lg(m)

->

nex ninf(l)g(n/l)
= nxxf*g(n),

so we're looking at sums of Dirichlet products .

Ultimately , we'll use our results to study

pxx

19

, P :

which will be relevant to Dirichlet's theorem
.

Theorem 3 . 10

Let fig be crithmetic functions
;
let

f(x) = nxxf(n), G(x) =
n =
g(u) (x</R+)

.
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Then

x

*g(n) = fin' ne xng(m)n=X

-

n
=x
9(n)

m= xn
f(m) .

Proof
.

Write f(x) = f(m)
,
G(x) =

=
E
x
9(m) ,

m !X

H(x) =
n=xfxg(n) .

We wish to show that

H(x) =
n =
xf(n)G(x(n)=

n=x
g(n)F(xIn) ; that is,

H = fuG =gof where , by definition,
koL(x) =

n =X

k(n)6/x/n) , for appropriate K
,
Lo

But
,
if we define UIX)=G "*g

,

then by definition of H ,

H = (fxg)0U =

fo(gor) = foG,
the second equality by the 2.21 . Similarly,

H = (gxf)0U =golfoUl =got. I

Now note that , ifg(u)=5 Xn, then

G(x) =
n = x
g(u) = [x],

and



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3

-*g(n) = din
f(c) .

So Th . 2 . 10 has this :

Corollary (Thi 3011) .
If

f(x) =
n =x

f(u)
,

then

f(d) = nxxf(n) x =

nex

XIn .

n =x &In n

Application :

Thm 3012
·

For X1 :

(a)n
=x M(n) I ;

(n
=x M(n)

= log(x3!

Proof
.

By Theorem Boll
, Thm - Zal

a

n =x
M(n) x
· du

Ma)
*
nex n

= 5 ;
R

b
n = X

X(n) =

nex din
Nall # nsplogn
Thm . 2. 10



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3

=log*x
=

log[x] ! It

Next :

The 3 . 15 .

n
= x

An) = xogx - x +Ollgx) .

Proof
.

By Thm .
3
. 12(b)

,

h=X
A(n) x

n
=

xlogn
n

which, by ESS' with y=3 and f(x) = log x,
equals
Sylogtat + S, (t-t +dt + ((X) -x logx

= xogx - x + 0 (S,dtt +Ollogx
=

xlogx - x + Ollog x) . It

Finally:
Thm . 3 . 16 .
If x = 1

,
then

pix Y logp = xlogx + 0(x) .

Recall that Mrl= Glog P if n =p
If not

Sprime, x t +
1
· So



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

x/n
=

0 for x<
1

X

nix
x(u) =

n=
x(n)

-

X

Ym (pm) =
o

Em logp
m
= 1 P m = 1 ↑

x logp↑ Y logp +map
pr

X

↑ Y logp +
p
109P

2 pr
*

E

P Y logp + x
>
109P

m=
P
-

> x logp + X plogp · p4p)↑
p

-

X

-

log n- x logp + 0
n = x↑

p M
2

-

- x logp + 0 X ,

↑
p

because the sum converges by the comparison
test and p-series test .
So

↑ Y logp =
n xx

(n)
n

+O(x)

which, by Thm .
3 . 15, equals



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

S

logx - x + 0llogx) +O(x)

- xlogx + O x


