
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday, 9125
some applications of ESI'.
Recall ESF' : If t is continuously differentiable
on Sy,x] (Ocycx), and ye x,

then

f(n) = Sy
Y

f(t)dt + SyY(t- [t])f(t)dt
y= n=X

+ f(x)([x] -x) + f(y) .

We have :

Thi . 3 . 2 a

Let x %
. Also define Riemann's zeta function

3(s) by
- S

if >Y
,

3(5) =

2n=
lim n

-

- x" /(1-5) if 025]
.

x -> 0 h X

The
(a)

n = X

In = 1gx
+2 + 0(YX),

where C is Euler's constant :

C = a+ ...+- ogn .

(b) nxxh
= x* + 3(s) + 0(x-)
1- S

If s>0
,
SF1 .

(C)
n x xh

= 0(x) if5 .

(a)
n=xh

"
= x
*

/(ka) + 0x4) if a=0.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
Proof

.

(a) By ESF'with f(x)
= /x and y =1,

Y = S, * - S, (t-[t2(t at + (x) -x + 3
n = X

-logx - , -(t) & +Sxt-[t])tdt

+0(1/X) + 1 . ⑭

Now

SYCt-[t])tdt = SxtYt = //X .
Also

- S
,

"

It-[tIltdt= - - d

k
-

- him 10 - ~Statn - a gn k=2
S

-- lim logus ,alk-llIn - 0

-- lim logn -
"

(K-1) - !n- 0 k=2

- lim-
n =x logh =' C-g

.

(Note that S, It-Lt]ltdt, and hence the
limit defining C, converges since ↓- [t] =O(1)a

So by )
,

Y =

1gx + c + 0(/X).
n = X



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
(b) By ESF' with f(x) = x (s0, s 71) and y

=1

n = xh
= S
,

"

dtt-S It - [t]) t- at

+([x] - x)x + 4

=> x - 1 + 1 + 0(x-4
1-S S

· sS,-[tIt t + It-tilt at , a)

Since [x] -x =0(1) . (Both integrals converge
since - [t] = 0(1) and <0 · )

Now note that the integral over [x ,N]!I

in (C)
, is

OCSY
-

t = 0(x- ) .

So (a) gives

n xn
= X

1 - S
-

!, + 1 -s, It-[t])+- + +o(x-)
1- S

-

-s

+ k(z) + 0/X- )
,

(T)X

1- S

where

k(s) = - 1 + 1 - sS, /t -[t])t dt .
1 - S



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

I

Then by (I),
1 - S

k(s) =- - X + 0(X-S) .
n = x " 1- 5

Since K(s) is independent of X, we can
·take the lim as x+%, toget

k(s) = lim n = x
x -> 0 n =X 1-5

which equals 3(s) since, if I, then x" 10
and

n x n
- - en as x- 0 So

by (J) ,
1-S

n =x
- S
= X t3(s) + 0(X-S)

.

1 -S

c If s >1 thenI

naxh'- xh = 31s)-
n =xh

- + O(X) = 0(X-)
,

1 - S

the third equality by part (b) .

(d) By ESF'with f(n)= n and y = 1 we
have , for 20,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤

naxh
*
= SY that aSq

Y

It-[tlt t

+([x] -x)x + 1

=

H x
+ OIS, dt + O(X)X

+ 1
+0x - +0x)

1 +X

-x + O(X4)
.

1 +X

On the other hand
,
if < =0, then

nxxh =

nxx

1 = [x] = x + [x]-x

= x + 0(1) = x + 0(x)
1+X

as well. T



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


