
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday , 9/20 I

Sums and averages
of arithmetic functions

(Ch . 31 .

GOAL : given an arithmetic function f
,
to study

the growth of sums like

(a)nxxf(n), (b) *nxxf(n)
as X - N ·

Notes :

1) Always , (a) denotes the sum over ne
t

with n < X -
a) (b) is a kind of average of the first
x values of fo

Some terminology :

I1I "sufficiently large" means "a, for some
aE (R+ ·

-12 SupposeR ageRe arte
f(x) = 0(g(x)) ("f(x) is big oh ofg(x)")

Sleg", chsits" natis Gre
for X suff - largel ,

13) For such fig and h : R-4
, we

write
f(x) = h(x) + 0(g(x)) if f(x) -h(x) =0g(x)) .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(1) We write f(x) g(x) /"fix is a symptotic
tog(x)") if

Kim f(x) = 1
-

g(x)

(i)
examples ya = 0(x2)
..ILL x4x = 0(x2)
Cisil x&x =

x
2
+ 0(x)

(iv) x
2
+ x+ 25sin(x) = xY x + 0(1)

(v) x +x X
2

(vil
1 - X : this is the Prome Number Theoremo

p
> X logX
Iwe'll prove this later) .
(vii) Harder result (we won't prove thisl

:

X "error

psx
4 =

x + 0
,gx2

·
term"

logX

A
primary

tool for deducing "Ol I" and
"-"

results for sums like (e) and (b) above is :

Theorem 3.: Euler summation formula
,
or

ES)7 : 2x,x] -> IM is continuously
differentiable on y,X ,

and Ocyx, then

f(n) = Sat + St-[t])f'lat
Yx

↳ , not + f(x))[x] - x) + f(y) J- y .
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Proof
.

Denote the sum by SIf; y, x), and note
that [x]

f(n)
a

S(f; y,
x) =

n = xy3 + 1
Then

, fitdt +SY(t-[t] fitldt

=SYfHdt+S, 'Alat-S,
Y

[t]f'Aldt
integrate by parts
with u=t, dy = f'(t)dt

= SyfHdt ++fit)Y-SYfHdt-Sy[tfitd-
- xf(x) - yf(y) -Sy[t)ftdt

breakup
= xf(x)-y f(y) -)***3 'Cat-Stf'dt

y ,X into
subintervals -

<xs-1

gat' [t] f'(t)alt
n = [y]+ 1 n

~is constant
= xf(x)- y f(y)- Ly! ) ! at

on eachgiven
- [x] Sc f(t)dt -subinterval SiS

*'At

= xf(x) - yf(y) - (y](f((y3 + 1) - f(y))
[X]01

- [x](f(x) - f([x])) - nf(n + 1) - nf(n))
n = [y]+ 1

=> xf(x) - yf(y) - 2y](f)(y) + 1)-f(y))
make sumgo
to : then

compensate
- [x](f(x) - f([x)))+ [x)f([x] + 1)- [x)f([x])



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

[X] ④
- (nf(n+1) - n(f(n))
n= [y3 +1

add and => xf(x) - yf(y) - [y)(f)[y)+ 1) - f(y))
subtract
S(f, y,x) - (x]f(x + [x]f([x)+1)+ S(f, y,x)

-

,
(nf(n+1)- (n-1) f(n)

the sum
= xf(x) - y f(y) - (y)(f([y) + 1) - f(y))

telescopes
- [x)f(x) + [x]f)[x3+ 1) + S(f; y ,x)

- [x]f((x)+ 1) + 2y]f)[y)+ 1)
= (x- [x])f(x) - (y -(y))f(y) + S(f; y, x),

as required. It

Note : sometimes
,
for integral y le.g . y =1), we

want to sum over [y, x] Instead of ly, X]. This
adds one more term to our sum; moreover, for
such y, 2y]-y =0. So ESFyields :

Corollary : ESF! For ye+ and everything
else as above,

f(u)= Sy fltdt + SY" (t-[t])f'Aldt
y= n X

+ f(x))[x]-x)+f(y) .


