
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday , 9118
Part A . The Mangoldt function A .

Definition :

IXu) = Glogo) if n= pM for some prime p
and mi,

otherwise.

IE
.g . A(1) = 0

, so
N is not multiplicative .)

Thm . 2 .
10
·

logn
=

din
Ndl

.

proo log 1 = N1)
=0
, so
the case ie

Now if >1
,
write n

=

PK
Gk for

distinct primes pp , and ap
*
+ . Since Nd) =0

unless & is a
prime power,
ak ak

r

din
N(d) = =1m=Np, ) = m= 1 logpK

I ak

=is= aklogpn- log PK
-log(n) .

Also !

Thu
.
2 . 11

.
Mn)=
aiMidlog("al

logh =
--

anMd)logd .
Proof

On the The first equality is Mobius inversion



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

and Thi
.
2
.
10 . To prove

the second
,
note that

i) logn = 0 for n=1, while
sil for nb ,

So

in M(c)=
I(n)=0

, by Thm . 2 . 5 .

din Midlog(4/d) =
airMid)logn-amMallga

-logn anMic)- anMa)logd
- an Mallog d.

Part B . Completely multiplicative functions .

Recall : f :+ -K is completely multiplicative
if

f(mn)= f(m)f(n) Am
,
ne &x

-

Examples :
N (given by N(n) = n) and v lgien by v(n)=11>

are completely multiplicative-M is not, since

u(p2) = 0 Fulp for p prime .

Thu . 2 .
17.

suppose f is multiplicative . Then f is
completely multiplicative.

<=yf
-

(n) = (n)f(n) Xn-
Proof -
3052 -> S cletely multiplicative, and letSupl comp

q(n) = u(n)f(n) . Then



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

S

gxf(n) = anM(d)f(d)f(u/d)
-

-in Ma)f(n)
= f(u)amM(d)

- f(n)I(n)= I/u)
,
since f(1)5(1) = 1

- I(l) , and f(n)I(n1
= 0 = I(u) for n>% . So

g
= f -!

Conversely close f is multiplicative, andsy I--(n) -
M (nif(u)

Xn . Then for p prime
and < >0

,

f(p4) = - 1 f(d)f
-

(n(d)
-"I e

u(pi) =0
- Sof(pulp*)f(p)

for; - - f(p)u(p)f(p) = f(p)f(p) .

By an induction argument them, f(p()=f(p), so
- is completely multiplicative - T

Part C . Generalized inversion.
Let 7 : R + - & satisfy f(x) =0 for
x5 . Also let 2 : +

-4
. We define

the generalized convolution of by

cof(x) =
n sx

<(n)f(x/n) .

nex always denotes a sum over positive n.
Note that <of(x) =0 for x<1 as well.
We have :



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

④
Thi . 2 .21 · For 2, % : +

-K and I as above,

x0(gof
= (2x107.

Proof For XCIR+ /

20(fof)(X) = a(n)fof(x(n)
n X

-n =x (n)m=xY(m)f(x/mn)
↓ put

k = mm

nm=x
<(n)f(m)F(m

xx nlk
a(n)f(k/n) F(X/k)

-

(x

**f(k)F(x/k) = (2x)07. i

Now note that
,
for (n)=[IIn] as before,

I0f(x) =nxx(((n]F(x(n) = f(x).

Consequently,
Thi . 2 .22 : Generalized inversion formula.

- I

Jose : +
- & has Dirichlet inverse & .Supl

Then

G(x)= a(n)f(x/n)=x f(x)=n x x x (n)(o(x/n)·n =X

Proof-
6 = 20740G = co(207)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Thm .
2 . 21 ⑤

- (x x x) of= IoF = F
.
I

The above theorem
, together with The 2 . 10,

yield :

Thu . 2 . 23 : Generalized Mobius inversion .

Suppose a is completely multiplicative e

G(x)= nxxx(n)f(x/n) = X f(x)-n xM(n)((n)(o(X/n)·


