
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Friday , 09119 I

More on multiplicative functions .
Recall : f :

"
C is multiplicative if f

= 0

and

(m
,
n) = 1 f(mn) = f(m)f(n) .

Next : if f(mn) = f(m)f(n) for all minex, then-
is completely multiplicative .

Theorem 1- Thus
.
2012- 2 . 16 combined) .

Let 7 : 2+ - & be multiplicative . Then

(a) f (1)= b -

(b) flp ,
"

p=
"... prar)=f(p, (f(p,42) ... f(pr8r)

for all distinct primes pi and all aid +
and conversely .

(c) f is completely multiplicative iff f(pa) = f(p)
&

for all primes p and at 1x .

(d) g is multiplicative X f*g is multiplicative .

(e) f is multiplicative, and conversely.

Proof
.
(a) : done . (b

,
c

:

straightforward .

d) I Suppose fig are multiplicative, and
(m

,
n) = 1

.

We have
f *g
(mn) = amnf(d)g(mu/d) .
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Now note :

(i) If alm and bIn, then ablun .

(ii) If almn
,
write d= ab with a = /d, m) and

b = d/1d,m) . Then ald . Moreover, Since dlmn
we have

Since(omm" (d,m e
(C ,m)

we have (d/1d ,m)) In by Thmo B05 . That is,
bIno

(iii) If alm and blu we have (a
,
b)/(m

,
n),

so (a
,
b) = 5

. Similarly , (mla, n(b)
=B

.

So positive divisors & ofm are in 1-1 correst3 -
ondence with products ab, with a be and
alm

,
blu . Also

, for such al
tproduc
,

we have

(a
,
k) = (m(a

,
n/b) =1 -

So

-xg(mul
- flcg)m") - flably(a)
clmn alm

↳ In

fla)g(m/a) f(b)g(n/b)
alm blu

(fxg(m))(fxg(n)) . I



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤

Spef is multiplicative butg is not . Then
- m

,
ne + with (m

,
n) = 1 butg(mnItg(m)g(u) .

Let (mo , nol be such a pair with minimal
product more . We wish to show that

fxg(mono fxglmol fxg(noll .
We do so as follows

. By assumption on mono ,
we have

g(c) = g()g(d) Xc,de+ with (c,d) =b and
cd mono .

Then , arguing as in
the proof of =x1, we have

fxg(mono) = flably) mo
almo , blue

> flably (mono) + filly (mono
almo, bluo

by minimality
ceb >1

Smoo0

flalf(b)g(molalg(rolb) + fillg/monolalmo, blue
ab>I

flalf(b)g(molalg(rolb)almo, blue

-g(molg(no) + fillg(monol
= -xglmo fxgInd) -g(molg(nol+glmonol .
That is ,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

H

exg(mono) - fxglmo fxgInol
glmonol-g(molgluol.

The right side is nonzero by assumption, so the
left side #O

,
so fAg is not multiplicative .

(e) spe .f is multiplicative . Note that the
ticnidentity func

I = fx f -

is multiplicative . So by part d* above, so

Similarly, if f" is multiplicative, then-is


