
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday, 9/11 ①
More on Dirichlet products .

Recall : If + andg are
arithmetic

functions, we define the Dirichlet

product fxg("f splaty") by

fxg(n) = [f(d)g(n/d) .
din

Thi 2
.
6 : properties of X .

For arithmetic functions figih ,
(a) fxg =qxf .

(b) (fxg) * h = fx(gxh) .
Proof

.
(a) fxg(n) = I f(d)g(n/d)
↳

din

define d'= /d : - = f(nd'g(d' =g * f(n) .
then d'In din d'In

(b) (fx g) *h(n) = Efxg(d)h(n/d)
din

-flagdahlu/d) . (I
:)

Now note that a da · nld= n . Moreover, if abc=n
for ab, 2! then , definin di nk, we have couldI
and b = n/ac = n/(a . n/d) :da . So, by (A),

(fxg *h(n) = 1 fla)g(b)hIc) .
a , b,It
abc= k



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

O2
A similar argument shows that f *1yxh) (n) vals
the same · eqi

We also have :

Thm 2
.
7
.

The identify function I , given by
I (n) = [Y/n]

,
satisfies

Ixf = fx1 = 7 arithmetic functions to

Proof
·

(fx I)(n) = f(d)A(n/d)
du

- -(d) isdin

= f(n)
,
which also equals I*f(n) by

Thm
.
2
.
6()

.
I

Not every arithmetic function & has an
inverse under X

,
but :

Thm 2
.
8
.
If f is an arithmetic function

with f(IFO
,
then

,

I has a "Dirichlet
-

inverse
."

That is a unique
arithmetic

I

function +- with

-xf
+
= f

- x f = I
.

Conversely, f(I)=0 > + has no Dirichlet
Inverse-

Proof Define f * recursively by



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
f * (1) = 1

,

f(1)

and f "(n) =- 1 f"(d)f(u/d) if n >b
.

f(1) dIn
d

Then fxf" (1) = If(1)f"(1) = f(1) = b,

while
,
for no I

,

" f(l)

f(Xf(n) = f"(d)f(u/d)
du

= f"(d)f(Y/) + f (n) f(i)

!
= - f (n)f(1) + f

-

(n)f(1) = 0 .

So fx f(n) = I(n) Xn .

Uniqueness : spzg
*= I

.
Then

(gxf)xf
+

= Ixf
-+

gx(fx f
- ) = f - I

gxI
= f

- 3

g
= f -

conversely, if fll)=0, then for any arithmetic
functiong

f xg(1) = af(d)g(/d)
= f(1)g(i) =0 I(l),



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑪

so f has no Dirichlet inverse.

finally, a super useful result :

Thm
. 2 . 9 : Mobius inversion .

for any arithmetic functions - andgo

f(n) =
din
G(a) g(n) din f(du(n/d)()

No

Proof Let vin) = - Xn , and recall that

vx(n) = uxv(n) = xnMd)
= I(n) by Thmc2 . I .

Now the left side of (i) says +=gxu,
which is true iff

fxu = (gxv)xx = gX(uxu) =gx 5
=

g)

which is true iff the right side of( holds .
I

Note :
Thi 2 .2 :

-ainy(d)
and Thu . 2 . 3 :

y(n) =anM(d)

together Illustrate Thi . 2 . 9 .


