
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Friday, 918 ①
Part A : More properties of y(n) .
The 20t

y(n) = nin(1 -Yp) if n >I,S I if n= .

Proof
It's clear for n=1

, so
assume >% .

Write

Gi
n= , Pi with aisO for I? I s ro

By expanding the product,

pin(1
- (p) =

,

(1- (i)
- 1

2- 3-pi + sp; - W

i 1s PRP/
+
...

+ (-1)
-

Itj
· FKF p , p2

.. · PrIt]

j-1
#of factors of &

dissquare d

free

-M(d)/d .
Now multiply both sides by n , and use thm .

203,
which says

dinM(a)
Y/a = y(n) . I

Next
,
we have



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
Thm . 2 . 5 . Let min , x, a, be + .

(a) y(p*) = popc for p prime .
(b) q(mn) = y(m) y(n) . (m,n) ⑳

g((m ,n))

(c) If (m
,
n) = 1

,
then y(mn) = y(m)y(n) .

(d) als =- y(a)/y(b) .

(e) (i)Devefreeprimes dividen
, for

some rYO, then GMy (n) .

Proof
.

(a) Thm .
2
.

4 with n = p
!

(b) Note that plan => plm or plu . Also,
plm

Thena Plmn) .

y(mn) = +(1 - Yp)
m plan

* The numerator
- m(l-/p(pn(1- Yp) I countsthosaplu(1= Yp) twice

, so
cancel

pl(m,n) OUCC

= [y(m)/m] · [y(n)/nt .
y(sm ,n))/(m , n)

Now multiply through by mn.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤
(c) By (b) with (m, n) = 3 .
Id We use induction on b . If b = 1

,
then
-

all = c= 1
,
and the desired result is

clear.

Now assume that the result is true
for Ib = K-1

. We wish to deduce
that alk => glally (k) .
This is clear If a= b . So assume a s

,

and all . Write k =ac. By part (b)
above,

q(k) = y(ac) = y(a)y(c) . (a,) ⑳ (x)
g((a, ))

Now since as, we have ack ; also,
(a

,
c) c

, so by induction, y(la ,c) Iy() .
So by (*),

y(k) = y(a) · (a ,c) . ) for some let .

So glally(k) as required. It

lel First assume n = 2
"
for some Let . Then

by (a), y(n) = 24-22 = 2! So(e)(i)
holds (since 2 3 =7 <"21

,
and lellii)

holds with r =0 .
Next, suppose n

= 24
, p: ai where

each pi is odd, and 20, a:O for
15 i = ro By parts (a) and (c) above,

g(n) = 12=24 ), (p :*sp.
**

)
.

Gi-1
-Each term pa pi is ever · It



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑪
Part B : Dirichlet products lack , a, "splat") .
Definition : If f and

g are
arithmetic

functions, we define the Dirichlet

product fxg("f splaty") by

fxg(n) = [f(d)g(n/d) .
din

For example , if we define the unit function
W by v(n)= 1 An

,
the identify function

I(n) by I(n)
= 11/n14n

,
and the function

N by NIn)
=

n Xn
,
then we have

(i) MAU =1 (Thm . 2013 ,
(ii) GAw =N (Thm . 2 . 2)&

(iii) M *N
=

4 (Thm .
2
.
3)

Parts (ill and (iii) examplify Mobius inversion ;
see Thm . 2.9 below .


