
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 09106 ①

Arithmetic functions
.

↓ complex
numbers

Definition :

a function f : 1x - K is an arithmetic
function

.

Goal : to study the algebra of arithmetic functions
under lusuall addition and "Dirichlet multiplication"
(a . k . a . convolution) .

Notes :

(i) ALWAYS : for net
, dinfld) denotes

the sum over positive divisors d n.

(ii) for today
:

given n ,
write n = p:

",
where ai is a positive integer for Isisr
Iso pi is not necessarily the it largest
primel .

Example 1 . The Mobius function is defined by

m(n) = 1 if n= IE O if a: 5 for some i E1
,
2
, ...,

3
,

(1) if ai=1 for Isi=r.
1

Note that M(n)70
,
for n>b

,
iff n is

squarefree (i . e. indivisible by any perfect
square

>11
.

Now let [x] denote thegreatest integer X .

The 2 . 1

din

(c) =

R

= 36 is -



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
Proof

The case us is clear
.

Now suppose n<b .

Note that din
,
d ,

and Id *O
X=x

d is a product of distinct primes pypa.... Pred
each to the first power, for some Ijr.
There are () such products . So

aM(d)
= + + (5).(- 1) + (2)(-1)+ (5)(-1)

+
...
+(2)(- 1) = (1 - 1)

=

0
. I

by the binomial theorem

Example 2 : Euler's "totient" or "phi" function .
Definition : q(n)- # of cositive integers k with

I
=n and (n

,
k) = 1 . That is,

g(n) = E 1 .
k= 1

(k
,
n)=!

We have

Thu
.
2 . 2 :

din
Y(d)= n .

Proof Let
S = En ..... 3

.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤
Note that I"tS with reduced form /d
Iff

(ad ,a positive divisor
of ,a

(k d) = 1 .I
-

Also
,
this association n kid is one-to-one .

Example :

E42 : is is eliz in Tic %2 *is z
,

"

z: "i2

- E42 / z: 22:%"4z: 43
.

There are :
& = y(12) terms with denom . 12;
2= (6) terms with denom

.
6;9

2 = q(t) terms with denom=;
2 = y(3) terms with denom . 3;
1 = q(2) terms with denom . 2;
4 = y(1) terms with denom

. % .

12 =

-12
Y(d) !!

So

n
= 15) = YS'd : Is kid and (k,d)= 3 e

=anEd : I kid and (k,d)= 13

din G(d)
since the union is disjoint .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

④
Next in

and y are related by :

Thm
.

2 . 3
.

g(n)=anM(d)
Y/d

.

Proof
.

We rewrite the definition

y(u) = I
kin
(k , n)

=1

in the form
I

g(n) = (n , 1)
-

By Thi . S. I, the atag(n)=
k=
all (x)

k=1d((n ,k

Each summand on the richt side of (AI
,
of course,I

Is mid) for some positive divisor d of n .equa
Question :

given such a
d
,
how

many times
does M(d)

appear there ?
Answer :Mld) appears exactly when I key
with 133n and alk . This will happen
exactly when I ge t with deck for some
13K : n. This will happen exactly when de -n,
meaning guld . There are uld such go
So
, by (x),

q(n) = M(d) . /d .


