
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

friday, 09/01 ⑪
A . Distribution - of primes result

#2 :

Theorem 1 . 13 .

/m diverges .

Proof . positive integers
Sp= not : then I ke

+

with

m= - :
/Pm %2 .

(x |

We'll derive a contradiction
,
as follows .

Let Q pipc ... pp . We'll show that

0
I

⑧ * t
& (xx)

n
= 1 + Q

c= 1m
= xx-m

The left side diverges by the integral testBut by (*), the ray side is

X I
-

=12t
<A

.

Contradiction
.
So our theorem must be true .

To
prove (*)

note that
,
if we expand out

m
= k+1Pm

then
every integer that's a product of exact- y

I (not necessarily distinct primes pu ,
with

my k+1, appears as a denominator.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

1 Example 1 3
3

m= 5 PM ++ , + ...

I I t I t- - cis T issis
"

33+ 112. 15 132 · 15

But for any nex ,
In Q is such a product,

for some te E , since InQ is relatively
prime to those Pris with 1Smsk . (Each of
the latter pin's divides & but not b - )

Conclusion : each summand on the left side
~

of(X x) bears as a summand in the expansional Iof the right side .
But all of these summands are

non-negative, whence (* * ) holds, whence
our contradiction, whence our theorem :

I
-

B . The Euclidean algorithm .

This is a method for de (a
,
b)termining

without needing the prime factorizationthe

Lemma the division algorithm
1 Thu . (1).

If a and b are integers and b>0, then
atunque pair of integers qand such

a= bqr and Of ba



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

Proof
Given such a and b

,
let

S = Ea- bx : x c & and a-bx >03

By the well-ordering property of /(theI
natural numbers)

,
S has a least element

r = a- bqu (xY

Then certainly a= batt. Also, 1,0 since
we Sb definition .4
To show that rab, suppose

not
.
Then

(i) r - b >0,
(ii) red = a - b(q+1)by(x),
(iii) r- b r (since b > 01 .

That is
,
r-b is an element of S that's less than r,

contradicting the minimality of wa

sothedesired gand exist . Uniqueness is

t

Now suppose we
want to find (2642520).

We divide r ,
= 261 into ro = 2520, using the

division algorithm :

To rg T2

2520 = 2641 .9 + 144

Next
,
divide r2= 144 into rg

= 264 :



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Us Tz 53 ④
264 = 114 -5 + 120

Divide into r2 :r1
I

# = 120 - 1 + 24

Divide ry into is
:

Ti Not

120 = 24 .5 +
Since is =0, we conclude that ry=(ro, rg) , i . e:
24 = (264, 2520) .

Ingeneral, divide ro = b into rg=a, then
divide the remainder is into is : divide
the new remainder is into r2 , ... stop
when inx 0 : Then in=(rg , r21 . This
is the Euclidean algorithm = Thi . 1 . 15

.
)

#
works ingeneral because we have a

sequence of s >teps

Vi-= rGi+rixs Os Nex Vie

The fact that the is are decreasing and 30
means eventually re =0 . say rn+1 =0 : them

by induction, we show that (a) rulig and
rulro ; (b) in =rox+ rgy for x, y integers .

So

in = (roirg) = (a ,
b)
.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


