
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 8130 &
The Fundamental Theorem of Arithmetic
IFTA) and primes .

Throughout, p
and y (sometimes with subscripts)

denote
primes,

I . e
. positive integers n s.t .din

, c 0 => d = b or d = n -

If I is

notprime It'scomposite . By
det e

↓
is neither

Thi 1
.
6 - Every >1 caube written as

a product of one or more primes .
Proof : induction on .

It's true for n = 2 .
ou assume it's true for n = 1, 2,..k 1 .

If K is prime, we're done .
If not

,
then

I an integer a with alk and Isack .
Write k= ab : then also &<bck . Now, applyinduction to a and b

.

Consequen
·of primes thave our first distributions
Thi 1 . 7 (uchall . I infinitely many primes .

Proof : suppose not . Suppose there are lonly)I

K primes Pylp2... Pho Define

N = p , pz
...

pk
5
.

(x)
-

Note that

NPps e. steSo by The . 16,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
&pIN .

Of course pjl/p1/ c) as well,↓
I620so by (X) and linearity o divisibility, pjld .

contradiction (if py
- and· 15 them

, since 11p,
I
, pj >0 ,we'd have pj=1 : but I is not crimel .I

So - infinitely many primes , It

Thm
.
1
.
8 : If pla, then la,p)=1 .

Proof : If (a
, p) +1 then either (ap)=0 , in which

case a
= 0
, so pla , or la,p) 1. . In the latter

case
,
JC1 : cla and clp , But <lp and

cr1 =x c= p . So pla. I

Th
. 1 . 90

plab =x pla or plb .

Pigof je Place -aher engine
by Thm 1 . 5 . I

We have the following refinement of
Thi . 5 . 6 above :

Thm .
1
.
90 (FTA)

.

Every I has a presentation as a

product of primes that's "nque up to order .
Proof

.

Use induction on n . If n = 2 we're
done . Now assume the thm ,

is true for

2n = K- 1 : we show that this clies the case n =K .my



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑬
If K is prime, we're done. If not then, by
Thu 1 .

6
,
k has

anexpressionk = pipc
:"

)

for
primes pj, 1j=s and S 2 . Suppose we

also have
k = q592

:

4t
for
primes j , I t . Then

(xx)
pipz" "ps

=

9992" ·
Now

pi divides the left
side and therefore the

right . By Thi . 1 . 9 extended to n term products,
we have pylg; for somey . We can assume

j=1, since we're not concerned with order-
But g is

prime , so pi 95 . So (**) yields

p2ps
:

"Ps
=

G293
:

9t ·

Both sides are K and are /since we
assumed is not primel, so by induction on k,

Spc,3 , .... ps5= 592193...., 955 .

combining this with the fact that piq, yields
our result .

th
Note

.
Let pu denote the m smallest prime . By

FTA , I unique non-negative integers ag ,anas ....of which only finitely many are positive , suchthat



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑳ cem ④
n = i Pm =

-Remark
:

inwillysuchproducts, we'llaatee
integers , almost all of which =0.

Thm 1
.
11

.

For as above,

Cm

dinx= d = m , pm
where O : <m ! am for all me
(Proof omitted!

And finally :

Thmo
o
12 · a am

and b= put"If a = m, Pm
then

(a
, b) = pumin Samba

(Proof omitted.


