
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Weck I
, Monday (8/28) ⑪

Element
any

number theory : divisibility
properties of the integers (c). Apostol, Chapter 1) .

Until further notice
, a,

b
,
c
,
d
,
e, m, n,

x
,Y denote

integers ; p denotes a positive prime .
1/

A . Definition : We say "a divides , written din ,

if
7 < : dc = h .
Otherwise

, wor
its & In

.

Properties (Thi . J .1) . (proofs omitted . )
(a) nIn
(b) In and nIm => Alm (transitivity)
(a) din and alm => dlantbm) (linearity)
(d) din = adlan
(e) adlan and at0=> din
(f) 9 In

II n10
(h) OIn => n

= 0
(i) din and n+0 => /d) = In

(j) din and nic => /d) = In 1

(k) din and d4O=> (n/d) In

3
. Common divisors .

Definition : If da and all
,
then d is a

common divisor of a and bo

Theorem 1
.
2

. Given a and b
,
5 2 unique non-

negative common disord of a and I such that

d = ax +by (x)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

for some x, ye .

We call this thegreatest common divisor ,
or gad , of a and b , denoted (a , b) .

Moreover
,
if ela and elb

, then ellab) .

Proof. first : sussose the thm
.

is true for all
11

a ,b
>0

. Ther , for any aibe, we
find that

the thm is true for

(a
,
b) = (1a)

,
(b))
.

ID1Y : check this . )

So it's enough to consider a,DO .

we proceed by induction on ath· Since a,biso,
the base case is ath=0+0=0 . We see that
the thu. is true in this case with x,ye chosen

arbitrarily, and (a ,b) =0.

We now assume the theorem to be true
for O a +b=k-1 :

we wish to deduce that
it's true for a+b-k .There are two cases
to consider :

(i) b =0. Then the thm . is true with x=1
,

y
= 0
,
(a

,
b) = a .

(ii) b1 . Assume all : the case a b is
similar.

Write b b and a =

a b
. Then a!b'0,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

and
0
= a+b = a-b+ b =a= k-b - k-1 .

Be the indeation hypothesis, the
thm. hola

A

Let d = (a
,
b) : then =x,y' :

d =axb'y= (a -b|x+by = ax+ b(y!xi)=axby(xx)
with x = x, y = y'-x'.
Since d = (a

,
b) = (a-b

,
b)
, we have dlla-b) and

alb, so by linearity dl[la-b)+h], so dla
.
So dla

and alb ·
Moreover

,
if ela and elk

,
then ellax+by)

by linearity, so by (xx), eld .

ve since,given d'e withfinally, d is uniqthese prosertles we have dld' and d'Id,/ I

sold'Idl or
,
since did",0, d'=d -

I

Theorem 1
.

4 : properties of (a , b). (proofs omitted. )

(i) (a
,
b) = (b

,
a)

(ii) (a
, (b ,
c) = ((a

, b), c) (we denote the common
value by (a , b,c)) ;

(iii) (ac , b) = (al(b,d
(iv) (a

,
5) = (1

,
a) = ! ; (v) (a

,
0) = 10

,
a) = /al

.

Definition : if (a ib)=1, we say a and b are

relatively prime .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑧
We have :

Theorem 1
.

5 (Euclid's Lemmal
Ifa and b are relatively prime and albc,

then alo

Proof .
If Labythe

x
,yes

But then

caxtcby = c .
alcax

,
and by assumption ald, soBe linearity, then, al.

i


