
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday , 9118 Q
Part A . The Mangoldt function N .

Definition :

N(u)
=Slogp ifum for some prime p

and ,a

IE.
g . N1) = O

, so
I is not multiplicative . I

Thm . 2 .
10
.

logn=
alu
Nd)

·

Proof : log1 = N1) =0, so the case n = t

checks.

Now if>1
,
write n= pa for

distinct primes pp , and are 1x · Since Nd)
=0

unless o is a
prime power,
~
9k ak

Nd) =
k =1m= 1

Npm) = "
logpk

alu k= 1m= 1

M

+logpnslog
= log(n) .

Also :

Thm
.
2 . 11

.
Nul =anMdlog(

logh =
--

anMc) logd .
Proof

On the The first equality is Mobius inversion



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

and Thm
.
2
.
10 . To prove

the second
,
note that

(i) log n = 0 for n =1, while
(ii) for <I,

an M(d)
= I(n) =0, by Thm . 2 . 5.

Soudlog(ManMalogn-dog
= logh anMd)

- anM(d)logd
-an Md) log d.

Part B . Completely multiplicative functions.

Recall : f : - >& is completely multiplicativeif
f(mu) = f(m/f(n) #m

,
ne It

Thu . 2 .
17o

suppose f is multiplicative. Then f is
completely multiplicative
[f-(n) =u(u) f(n) Ana

Proof.

Suppose+ is completely multiplicative, and let
g (n) =M(n)f(u) . Then for ne !S

gxf(n) =
din
M(d) f(d) f (n(d)

-

din M(d)f(n)
= f(u)aiM(d)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3

= f(n) I(n) = [(n)
,
since f(1)5(1) = 1

= F(1) ( and f(n/I(n) = 0 = F(n) for >1 . So

g = f
-!

Conversely, supposef is multiplicative, and
f -(n) =

M (n) f(u)
n . Then for ↑ prime and

L I + ,
the fact that fxf"(ph) = <(px) = 0

implies,e f
"

(d) f(p4d) =4f "(4)p4)
alpa
X

-

1=0
M(p")f(p")f(p)

u(p(y=0
*) u(1)f(1)f(p*) +u(p)f(p)-(p)

for k>5
= f(pt) - f(p)f(p

*)
,

so f(p*) = f(p)f(p) . By induction , f(p" = f(p),
so by the thm from last time, I is complete ly
multiplicative.

Part C : Example . Let of be the multiplicative
at defined by

f(pt) = G
- -p ,fa =1

,

if x = 2
o
P if x2

&

Ip prime ,+1 .

Compute -) (n) for n = 1
,
2
,
3,
...,
7 and

n It
,
n = 28. Conjecture and prove

:

what is fo ?



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

#
Solution

,

using Thm . 2 .
8 :

-
"

(l) =

is
f + (6) = 12f (2) - f + (7) =

f -+(3) = f
+

(14) = 24

& f + (28) = 56

Conjecture.
- "is the divisor function

· (n) = d .
& In

Proof . See HW #3 .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Thm .
2 . 21 ⑤

= (x- *x)of=of = F
.
i

The above theorem
, together with Thm 2 . 10,

Yield :

Thm .
2 . 23 : Generalized Mobius inversion.

supposed is completely multiplicativea

G(x)=nsxf(n)F(x(n)Y f(x)=nsxM(u)a(n)G(x(n)·


