
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday , 912 &
Multiplicative functions.
Throughout, fig areof's ; mini dik , Rel+;

p
, pr, pz, ... are primee; a,aa.... ET,0 .

Definctror iplicativeif t is not the zero functone
and

(m ,
n) = 1 =) f(mn) =-((m)f(u)

.

#O and f(mul = f(m) ful for al min, then
& is completely multiplicative ·

Examples.

pt ,φµetely御品:atve
;N,v ,t are

Theorem ( = Thms. 2. 12 -2 . 16)
# is multiplicative , then

(a) f(l) = 1,

(b +(p ,9a =(pf(pp
for distinct p,2s ...,pro

(c) f is completely multiplicative off +(pa = f(p)a
Y primes p ,geLt .

(d)
g

is multiplicative[ f*g iS .

(e) +"is multiplicative, and conversely



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
Proof.
(a) Let n be such that flul0. Then

f (n) = f(n-1) = f(u) ·f(1);
now divide by f(l) .

1) induction on r.

(c) follows from 16) .

(d) Let f
,g
be multiplicative; assume (m ,

n) =1
.

Note that

& d : d/mn3 = E producte kl : klm ,
lin3

.

Moreover
,
for such k and 1

, (k , 1) =1 and

divisor of bothKand I(i) =&
, sincanand ve) divides m and nIrespectively,

o

f xy(mu) = f(d)g)mYd)
din

- f(kl )g
( e )

kImdln

= f(k)f(e)g(m)g(m)
islm lln

= f (k )
g
(없 )

em
f(llg()

kIm

。 (f*
g
(m)) ( ftg (n ) 。



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

Before
proving

the other direction of (d)
,
we

prove
(e )

。

By definition of f", we have f"(1)= 1/f(1)
-> I
,
whence f"(mm) = -"SmIfn) if either

m or n equals 1 .

Now assume f"(mn) = f"(m)-"(n) for (m,n) =1,
m n >1

,
and 1:mn-sol for some 56L+ -

Suppose1m ,
n) =1 and mis. Note that

Ed : dimn and das 3
= E products Kl : klm and km , eIn and lon3
UEproducts md : In and Ran3
DE produsts kn

: klm and km3 (disgant union) .

So
,
since f(1) =1,

f
"

(mu) = = 1 f ^Yd) f( )
&(1) almn

d8mn

- - (ke(f(
klm,km

ein
,
kn

-
->" (mb/f(m) f"(kn)f(m

ein, ein klm
,
K< m

-- - f
"(k)f(m) f

"

(e) ff(*)]induction
klm

,
<m eimlan

hypothesis
← f
" (m) f

(
l) f ( ☆). f "

(

n) f " (k)f ( 谈
)

eln, &>h klm,m



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

θ
=> -f(m)f"(n) -f(m/[of"(n)] of "(n)[of=(m)]

=> -"Im/f(n).

So -" is multiplicative by strong induction .

T finish (d), note that

go §
*(fxf-

リ

: ( gxf) * f, , which is

multiplicative i and Exg are.


