
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday , 8131 D
More on Dirichlet products·

Recall : If f andg are
arithmetic

functions, we define the Dirichlet

product fxg ("f splaty") by

fxg(n) = [f(d)g(n(d) .
din

Thm 2
.
6 : properties of *

For arithmetic functions figit,
(a) fxg =

g *f .

(b)(fxg)*h = fx(gxh) .

Proof
.
(a) See HW #2 .

(b) (fxg)xh(n)= +xg(d)h(n(d)

= flagdahnd . C

Now note that a da : nd = n . Moreover, if abcon
for a , b,celt, then , defining donk, we have could
and b = nac = n/lan/d) =dia . So, by (N,

(fxg(xh(n) = = f(a)g(b)h(c).
a , b,celt
abc=M

A similar argument shows that f *IgXh) (n) equals
the same. I



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Q
Thm 2

.
7.

The identity function I , given by
I (n) = [//nI

,
satisfies

IXf = f* = f Harithmetic functions fo

Proof
.
See HW #2 ·

Also :

Thm
.
2
.

8
.

Let of bean af. Then f(1) #O #Y & has
a "Dirichlet inverse,

"

meaning
J an of f

3

with
fx f" = fx f = I

.

# f(ll to
,
then - is unique, and

defined

recursively by
-" (n) : Gl,e al

if n =1,
-
"
(d) f(n(d) if n >].

an

Proof
.
If f(ll = 0

,
then Ag :+-> & such

that

fxg(1) = f(ig(i) = I(1] = 1
.

So
suppose

f(l) +O : define fo as above.
Then fxf" (l) = f (1) ·9 /f(1 = 1 = [[1] ;
moreover

,
for n >9

,

f xf(u) = f"xf(n) = f "(d)f(n(d)
& In



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

↓ reak off :n terms ③
= f(n)f(1) + &

"

(c) f(n(d)
& In

n

=> f" (n) f(1) = f(1)f
-

(n) =0 = I(n)
.

Uniqueness : Ifg *f : I, then

9
=

g*
=gx(f x f " ) = (xf) *f

3
= [xf = f.

Finally, a super useful result :

Thm
. 2 . 9 : Mobius inversion.

For any arithmetic functions fandg.

f(n) = g(d) gin) dinFlatu(n(d) ()
alu

of Let vin) = 1 Xn , and recall that

ux(n) =Mxv(n)==Fu by Thm2.

Now the left side of (i) says f =g* u,
which is true iff

f xu = (gxv)xu =gX(u *u) =g *5=g
which is true iff the right side of( holds.

I

Note
.
Thus

.

2
.
9 is exemplified byThms . 2 .2 and 2 . 3 :

N =

y Av and p
=

uxN.


