
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

①Friday, 8/28
Part A : More properties of plu) .

Thm
.

2
.
%
. We have y(l) =1, and

y(n) = n , llop) if n >1.

Proof
The case n : 1 is clear

,
so let n31 and

Gi with each aito . Thenwrite n= pr
niT (1- () = n(l-Y , )( + -Yz) ... (loypr)pin

M
↑ II

= n1
j = 1 Pipjijk=5 Pipjph t ...

+ (11"
& pipz

-

pr+j+k+it)

- 1/
# of factors of d

= N
u(d)

= n
d& In&din

A square
free

= y(n),
by Thm . 2 . 3. I

Next:

Thm
.
2 .5 . Let min, gib,L+, and we 10.

(a) y(pc) = p
% pC for pprime

(b) y(mn) = p(m/plude (min) ; in particular
y)(m .

n))

(c) (m
,
n)=3 => y(mn) = y(m)y(n) ·



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
(a) all = pla)(y(b).

(e) y(u) is even for 23 . Moreover, if s distinct
·de primes divide n ,

then 25p(n) .

Proof
.

(a) Thm
.
2
.
4 with n = p

?

(b,cNotethat plmpmorpn, andm .
2
.

4,

p (m)p(u) · (m , n) = ylmip(n)
g((m ,n)) plsY

denominator
= 1 canaels

ma
p(syp) doublescounted

numerator
T

factors
pl(min , (loyp)

->

1T) lyp)
= y(m.

Mn

(d) Induction onI : Since b : 1 and all =

a I
,
the base case at 1 holds .

So assume the result for 1515K-1 . We
show that alk => platly(k) : the case
a9 is clear . So assume at and alk .
Write K = ac : then by part (b) above,

(x)y(k) = p(a)p() . (a,) .

y((a,c)

But a sI so K. So , since lack, we
have ylla ,)/ ylc) , by the induction hypothesis .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
So by (* ),
y (k) = y(a) - 1 · (a , c)

for some 121 . So the induction step holds .

(e) Let n3 3. Two cases :

(i) n =2 for some Lt1+· Then ya)
=> 20 -20-24 by lat, and since n3 3,
22

,
so glu) is even .

(ii) n has sy distinct old prime ,2Ower9i
&Visors ps .

Then by part (c) above,
p(n) is divisible by

, y(pia
But each such factor is even , since

5ylppa-odd-odd-even for pode

Part B : Dirichlet products
Definition : for at's fig, define the Dirichlet

product f *g )"f splaty") by
f xg(n) = f(dg(nId) .

& In

-or example, define , for ne L +,

v(n) = 5 lunit function);
= (n) = [1/n] lidentity function);
N(n) = n IN function],



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑪
Then , byThus .

2
. 1
,
2 .2

,
2 .3 respectively

:

(i) uxu
= I

(ii) y x u = N

(iii) MXN = 0 .


