
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Week5*Monday , 8/24 ⑪

Divisibility (Apostol Ch . 1) .

Until further notice : a
,
b
,d,
e, min , X,4 el;

↑ EE primes
>83

.

A . Definition : say & divides n, written &In ,

if
7. ↳ : dc = n . Otherwise, write & In.

Properties (Thm . 1 .9) . (proofs omitted . I
(a) In
(b) &In andalm => alm (transitivity
(c) dIn and alm => dllan+bm) (linearity)
(d) din =yadlan
(e) adlan and at0 = din
(f) 51n

g) n10
(h) Oln => n =0
(i) dlu and n +0 => (d) = In/

(j) din and nid =x (d) = In)
(k) dlu and & +0 => (n/d) In

3. Common divisors.

Definition : Ifdla and dlb
,
then I is a

common divisor of a and b.

Theorem 1
.
2

. Given a and b
,
7 a unique

& O such that Ala
,
Alb, and

d = ax +by
for some X,yel.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
ThisI is the reatest common divisor,S

or god , of a and b, denoted (a , b).

Moreover, if ela and elb, then ellab).

Proof
. Since

(a
,
b) = (1a)

,
1b/) ID14 : check this

,

it's enough to consider a,b"0 .

Induction on ath: base case is a= b = 0 = a +1 .
In this case

,
the thu . holds for any x,ye L , and

for (a
,
b) = 0 .

N on assume the thm. for O-a +b = k- 1 :

wish to deduce it for atb = k >0. Two cases :

(i) b =0. Then the thu. is true with X =#,
y
=0
,
(a

,
b) =a

(ii) b9 .
Assume alb lasb is similarl

Write b= b and a= a-b . Then a,b'0,
und
0 = a+b = a- b+ b =a= k-b - k-1 .

By the induction hypothesis , thm. holds for alb !
Let d = (a' b) : then 7 x,yel :

d =ax+by= (a -b(x+by = ax+ b(yx)=ax+by, (x)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

with x = X, y = yX

Since d = (a
,
b) = (a-b

,
b)
, we have alla-b) and

alb, so by linearity d[(a-b) +b], so da. So da
anddlb .

Moreover
,
if ela and elb

,
then ellax+by

by linearity, so by (*) , eld .

Finally, I is unique since,given de1 withtheseproperties , we havedid' and I'ld,I
sold'lId) or

,
since did',O, d'= d . I

Theorem 1
.

4 : properties of (a , b). (proofs omitted.

(i) (a
,
b) = (b

,
a)

(ii) (a
, (b ,
c = (la,bl, c) (denote the common

value by (a , b,c) ;
(iii) (ac , ba) = lab,c
(iv) (a

,
5) = 1 ; (v) (a ,0 = (a)·

Definition : if (a , b) = 1, say a and b are relatively
prime , or coprime .

Theorem 1
.

5 (Euclid's Lemmal
Ifa

,
b are coprime and albo, then alc .

Proof : If lab) =1
,
then Jx

,yel : axthy =1.
So

c= cax + cby ·

Certainly alcaxi by assumption, als .
So

a la by linearity .


