
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday , 9/4-1
More fun with counting:
A) counting subsets.

Example 3 .
Use two methods to count the subsets of

& a, b , c, d5 that have elements
,
for Or to

Solution
Method 1 : write them down .
r =0 : 0

.
I subset.

r =5 : Ea3
,
Eb3
,
33
,
Ed3 . 4 subsets ·

r = 2 : Sa
,
b
,
Ea
,
3
,
5 ,
&5
,

b
,
c
,

Sb
,
d3
,
3
,
&3.

6 subsets
.

~ = 3 : Said,E, Ea ,bid3, a,c, d3, Eb,cid3 : + subsets .
r = 4 : (D/) & subset.

Method 2 : An r-element subset is a choice
of r elements out of the four. There are
In) such choices

,
and therefore (v) such
teisubsets. We compu

4 ! 1. = I (we define 0!=1);
(6) = 014!=

4 !( = =I
,
(2)=

4 !(5) =5! 4, ()=

agreeing with Method 1.

Remark :
&

note that g+ 4 +6 +4 + 1 = 16 = 2 . In

general , a set with n elements has a
"

subsets (if you include as a subset) .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Q

B) Multinomial coefficients
.

Example : 30 peoplego out for we cream.
Su how many ways can

14 of them have

Rocky Road (RR), I have bubblegum (BG),
↑ have cookie dough (CD) and I haveI

Cheetos Flamin' Hot (CFH) ?

Solution
There are (19) choices for which

14
(get

RR
. Once chosen, there are

options for whogets BG, then (i)
for CD

,
and finally (5) for CFH·

All told
,
there are

30
30 ! #6!

·
So

& &

14 ! ! 7.4 4! 5:0!

=> 30 ! ways
14 ! 7 ! 4 !S !

In general :

The number of ways
of dividinga distinct

fobjectsintordistinctgroup,a+ 2+o .+Mr= 4),
-

IS

*

n !
,
also denoted n

n! n2%... nrd Ng , 2, 000 nr



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
called a multinomial coefficient

Remark :

If the
groups are indistinguishable, thenumber is smaller.

Example
In how

many ways
can 30 people

be divided into 5
groups

of 6 (with no

group being distinguished from another !?

solution
If we distinguishgroups , the answer is

30
&

6
,
6
,
6
,
6,6

But we don't
,
so we divide by 5 ! (the

number of
ways

of
arranging thegroups ,toget

30 51
= 30 !

6
,
6
, 6,6,6 6 ! 5 . 5!

= 11
,
423
,
951, 396, 577, 720·

C) Combinatories : summary

Each of the following things can be done
in thegiven number

of
ways.

1) Permutations .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑪
1 Arrangingn things in order

: nd

2) Arranging r things out of n in order

n !
(n- r) !

= n(n - 1) (n -2) ... (n - r + 1)

3) Arrangingn things, in which my are the

same
, he are the same, .., no are the

same
,
in order :

n ! & n O

1! 12600 No ! Nghz... Mr

#) Combinations

Choosingr things out of :

(2)= Min-r !
2) Placing n objects into distinct groups of
sizes hy,May Ur

: again,

N O

ng, n 2,000, hr


