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Wednesday , 11119 .D
More on the Cantor set [ .
Recall :

C; {
n
× 品 :

xnε {0.2欢 Hn61N}
=> [0,1] Sn ,
where Sg = (5) and , for n 39, Su is the

union of all intervals /zh m that remain after

removing SpSa.... Sn-1 from [0, 17 .

Definition
A set SSIR has measure zero if ,given 330,=>
a countable collection &In : ne/N3 of intervals

such that

Sc In andlength) In) " E .
for example, any countable set X

: 3Xn : nE/N3
o real numbers Xn has measure zero . (Proof :

Let In = [Xn , Xn for each nEIN. ) Butㅣ

one shows that no positive-length interval has
measure ZErO.

We do have :

Theoreus Cg.
& has measure zero.

Proof
. Let 30. Choose NEIN such that (%>E .

Note that

C= [0, 1] (Sn < 10
,
13 Su
.

https://app.goodnotes.com/documents/?anchor=cGFnZS1CNjUxQ0VDOC05Qzg1LTQwMjUtOTlGQi04QTdBOTg1NzA5OUY%3D#Q0QzOEU2QTAtQkIyOC00QzhGLTkyOUUtQjkzM0MxQkZEMTBG
https://app.goodnotes.com/documents/?anchor=cGFnZS1CNjUxQ0VDOC05Qzg1LTQwMjUtOTlGQi04QTdBOTg1NzA5OUY%3D#Q0QzOEU2QTAtQkIyOC00QzhGLTkyOUUtQjkzM0MxQkZEMTBG


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 11/19
Call the right hand side CN . Since Sn is anot

disjoint union of α open
intervals

,
each of

length 3 % and since the Sus are disjoint from
each other

, we
find thatCN is a union of

( closed) intervals
,
of total length

N

#n total length of Sul = 1s
"Gr
net 3

u

= 1 - 1 .()) =zE .

Since C = CN, we see thatC has measure zero.

We also have :

Theorem (20 < is uncountable .
Proof .
Define f : C+ [0

,
1 as follows

.

Letcel
, so

that < has a termary
expansionC1 cu

na13
n

whereGn = 0 or 2 HnE/N. Define

f() =
*

#

n1 an

~here dn = cn/2 = [@ if CnF0,2 .
Then f is a 1-to-1 >oudence of S outocorresy
[0
,
17 /realized in binary) · Since 20, 1] is

uncountable
, so

is C
. π



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday , 11119
Remarks

.

S G is , in a sense, larger than Q, because
& is countable but (is not .

But in a sense, < is smaller thanQ because
,

&New &70, I a finite set
of intervals that

cover C and have total length <Elsee
the proof of Theorem Ly abovel . This is
not the case for Q , or even lab) for

any nonempty open interval (a , b) !


