MATH 2001: Intro to Discrete Math SOLUTIONS Fall 2024

EXAM 1: COMPLETELY RANDOM PRACTICE PROBLEMS

1. Using only set facts and proof strategies from your Exam 1 fact sheet, prove that, if A, B,
and C are sets, and A C B and B C C, then A C C.

Solution. Let A, B, and C be sets. Assume that A C B and B C C.
Now let x € A. Since A C B, which is equivalent to the statement

reA=x€B,
we conclude that x € B. But then, since B C C, which is equivalent to the statement
reB=uxe(C,

we conclude that z € C.
SoxeA=zxe(C.SoACC. O

2. Prove that (1 +3Z)N (1 +2Z) = 1 + 6Z. You may use the fact that a product of odd
numbers is odd.

Solution.

1) First we prove that (14 3Z)N (1 +2Z) C 1+ 6Z: let z € (1+3Z)N (14 2Z). Then
r €1+ 3Z and x € 1+ 27, by definition of intersection. So we can write x = 1 + 3k for
some k € Z, and x = 14 2m for some m € Z. Equating these two expressions for x gives
143k =1+2m, or 3k = 2m. So 3k is even. But 3 is odd, so k must be even, otherwise
3k would be odd (since a product of odd numbers is odd). So k = 2n for some n € Z. So
r=143k=14+3(2n)=146n. So z € 1+ 6Z.

So (143Z)N (14 2Z) C 1+ 6Z.

1) Next, we prove that 1 +6Z C (1 +3Z)N (1 +2Z): let x € 1 4+ 6Z. Then z =1+ 6n
for some n € Z. But then x =1+ 3(2n) € 1 +3Z, and x = 1+ 2(3n) € 1+ 2Z. So, by
definition of intersection, x € (1 + 3Z) N (1 + 27Z).

So1+6Z C (1+3Z)N (1+27Z)
Therefore, (1+3Z)N(14+2Z)=1+6Z. O

3. Let A={1,2,3} and B = {2,3,4}. Find &(A4) N #(B).

Solution. We have

P(A) = {0, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1,2,3}}

and
2 (B) ={0.{2}, {3}, {4},{2,3},{2, 4}, {3,4},{2,3,4}},

9(14) n <@(B) = {Q)v {2}7 {3}7 {27 3}}
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4. Let A={2,{2},{2,3},3}.

(a) Find Z(A).
(b) Find An Z(A).
Solution. We have

Z(A) = {0,
{2h ({2 {{2, 33343},
{2,4233:42,42, 3142, 33 {23, {2, 333,142}, 31, {{2, 3}, 3},
{2,{25,{2,311.{2,{2,3}, 33.{2, {2}, 3}.{{2}, {2, 3}, 3},
{2,{2},{2,3},3}}
o N PA) ={{2},{2,3}}.

(Note: for clarity, in listing the elements of &?(A), we wrote the zero-element subsets
on one line, then the one-element subsets on the next, then the two-element subsets,
then three, then four. We also used red commas between elements.)

5. Given sets A, B, and C, draw a Venn diagram depicting:

Solution.

Ui
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U U

() (d)
6. (a) Shade in the indicated set for each of the Venn diagrams below.

(FUG)NH FU(GNH)

/7/%

(b) Based on your shadings, what relation do you see between the set you shaded in on
the left and the one you shaded in on the right? Your answer should involve the sets
F, G, and H, and perhaps things like unions, subsets, intersections, etc.

\§

(c) Prove the relation that you described in part (b) of this problem.
Solution. (a) See diagrams above.

(b) (FUG)NH C FU(GNH).

(c) Theorem. For all sets F, G, and H,

(FUG)NH CFU(GNH).
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Proof. Let F, G, and H be sets. Let z € (FUG)NH. Then, by definition of intersection,
x € FUG and z € H. By definition of union, either x € F or x € GG. In the first case,
we have x € F'U (G N H), by definition of union. In the second case, since x € H, we
have x € GN H, by definition of intersection, so x € F'U (G N H), by definition of union.
So in either case, z € FU (G N H).

Therefore, (FUG)NH C FU(GNH). O

7. For each n € N, let A, be the open interval (5,2 — n%l) Find:
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