MATH 2001: Intro to Discrete Math EXAM 1 FACT SHEET

1. Basic set definitions. Given sets A and B, and a universe U that contains all sets in
question, we define:

(a) AUB={xeU:x€Aorxec B}
(b)) AnNB={zxe€U:z€ Aandzxc B}.
(c) A—B={zxe€A:x¢ B}.

(d) A x B = {ordered pairs (z,y) : z € A and y € B}.
(e) A=U— A

(f) 2(A) = {all subsets of A}.

( ‘P(A)| = 214l for any set A.
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The statement A C B is equivalent to the statement v € A = z € B.
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2. Intersection and union of indexed sets. Given an indexing set I and a set A, for
each o € I, and a universe U, we define

(a) U Aa={re€U:xze€A, for some a € I}.

acl

(b) NAa={zxe€U:xe€ A, forall a €I}

acl

3. Proof templates.

(a) P = @, direct proof.

Theorem. P = Q.
Proof. Assume P. [Now do what you need to conclude:] Therefore, Q.
So P=@Q. O

(b) P = @, contrapositive proof.

Theorem. P = Q.

Proof. Assume ~ ). [Now do what you need to conclude:] Therefore,
~ P.

So P=¢@Q. O

(c) P& Q.

Theorem. P < Q).

Proof. Assume P. [Now do what you need to conclude:] Therefore, Q.
So P = Q.

Next, assume ). [Now do what you need to conclude:] Therefore, P.
So @Q = P.

Therefore, P < Q. U
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(d) ACB.

Theorem. A C B.

Proof. Assume x € A. [Now do what you need to conclude:] Therefore,
r € B.

SoACB. O

(e) A=B.

Theorem. A = B.

Proof. Assume z € A. [Now do what you need to conclude:] Therefore,
r € B.

So A C B.

Now assume z € B. [Now do what you need to conclude:] Therefore, z € A.
So B C A.

Therefore, A= B. [

(f) Proof by counterexample. To prove that a statement is false, you need only find one
instance where the statement fails.

4. Some special sets.

(a) Z = {integers} ={...,—2,-1,0,1,2,...}.

(b) N = {natural numbers} = {1,2,3,...}.

(¢) R = {real numbers} = (—o0, 00).

(d) Q = {rational numbers} = {fractions m/n : m,n € Z and n # 0}.
(e) Let a,b e Z. We write a + bZ for the set {a +bm :m € Z}.

5. Facts about integers.

(a) Let a,b € Z. We say a divides b, written a|b, if b = na for some n € Z.

(b) (Division algorithm.) Given integers a and b with b > 0, there exist unique integers
q and r for which a =¢b+r and 0 <r < b.



