
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 10130-1
Fibonacci numbers

.

Al Fibonacei and induction.

Considerthesequence of natural numesas
1
,

1
,
2
,
3
,
5
,
8
,
13
,
21
,
34 , 55, 89 , 144, 233, ...

These are the Fibonacci numbers For
defined recursively by

F = 1
, fz = 1

,
(x |

Fata = Fre Fu for n31 . (x)
&

Properties of Fibonac numbers are often

proved uduconusingthen, (x))
.

For example :

Proposition.
↓nE IN with n2,

Fn-Fn+- Fr= (-1)"
Proof.
Let Aln) be the identity claimed

Step 1 : is Al2) true ?

FFI
2 - 12

1 = 1 v
So Alll is true



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

Step 2 : Assume
A(k) : Fri Fab =(1)

To deduce

A(k+ 1) : FuFka-Fi = (1)
we note that

F-Fada
multip FinFit fire Fatiti Fati Fi
out = F,

2
= F(+ Fk- 1

= - (F(+, fis +1 = F,, )&
by the induction =

- (01) k

hypothesis = (1) 17
+)

Therefore
,
Alk) =Y Alk+ 11 ·

So
, by induction, Aln) is true HEN. I

B) A formula.
COOL FACT (proof omitted see S-POP,
Proposition Bly 1-1) : there's a closed
formula for the nt Fibonacci number :

Fr = 1 It 5"-ls (n >9)
·

S 2 2

I + 5

RemarkthenumberI appearing
aboveis



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
2) Ratios of Fibonacci numbers ·

We define a sequence Rn
of ratios

of Fibonacci numbers by

Ru = Fath (n =5),
En

whereFr is the nt Fibonacci number.

The
sequence

of Ru's begins

↑,,,,,
-> 1

,
2
,

1
.
5
,

1
.
6667

,
1
.
6
,

1
.
62d
,

1. 6154
,
1
.
6191
,

1. 6177
, 00 .

In fact :

Theorem.
lim Rn = I = 1 + 5 - 1. 61803 .
n -> D 2

Proof Isketch

Supposeline Rn

We'll prove that L
=.

To do so
,
recall that

Fntz = Fux + Fu ·

Divide through by Fun toget



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑦

Fn+ z = It En .
Fu+ 1 Fut

In terms of Ru
,
this says

Rn+ = 1 + Yn
·

(A)

Now let n+ 0. Suppose Rn has the limit

Then Rut has the same limit . So (* )gives

L= 1+ Y
.

Multiply by L:-( + 1
,
or

[2- 1 = 0.

By the quadratic formula,

↳= 1t 124 . (1) = 11 5.

2- / 2

15
<0

,
and I can't be <O since allNowa

of the Rn's are >0 . Conclusion :

L = 1+ 5 = G(51 . 61803) .
2

The limit of ratios of consecutive tibonacci
numbers is thegolden ratio !


