Math 2001-004: Introduction to Discrete Mathematics Fall 2024

Solutions to Selected Exercises, HW #9

Assignment:
e T-BOP Chapter 10 (pages 196-197): Exercises 25, 27, 28, 30.

Exercise 25. Concerning the Fibonacci sequence, prove that

i+ +Fs+Fy+ -+ F, = Fhypo— 1.

Proof. Let A(n) be the identity in question.
Step 1: Is A(1) true?
‘7
Fi=F;—1
1=2-1,
so A(1) is true.
Step 2: Assume.
Ak) v+ o+ Fs+ Fy+ -+ Fe = Fryo — 1

Then by the formula F, o = F, .1 + F}, and the induction hypothesis,

Fi+F+ B+ Fyi+ -+ F
=N+ FR+F+F 4+ F)+ Fop
= Frio— 1+ Fra

= Lhys — 1,

so A(k + 1) follows. Therefore, A(k) = A(k +1).
So by the principle of mathematical induction, A(n) is true Vn € N. O

Exercise 27. Concerning the Fibonacci sequence, prove that
Fy+Fs+ Fs+ Fr+ -+ Fo g = Fyy,.
Proof. Let A(n) be the identity in question.

Step 1: Is A(1) true?

?
Fy = Fyy
1=1,

so A(1) is true.
Step 2: Assume.

Ak): Fr+ Fo+ Fs+ Fy+ - + Foq = Fy.
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Then by the formula F, o = F, 11 + F}, and the induction hypothesis,

Fy+Fo+ Fs+ Fy+ -+ Fagg1)—1
=(Fi+Fo+F3+Fi+-+ For 1) + Forq
= For + For

= Fopy2 = Fokp),

so A(k + 1) follows. Therefore, A(k) = A(k +1).
So by the principle of mathematical induction, A(n) is true Vn € N.

Exercise 28. Concerning the Fibonacci sequence, prove that

Fo+ Fy+Fo+ Fg+ -+ Fop = Fo g — 1

Proof. Let A(n) be the identity in question.
Step 1: Is A(1) true?

FR=F—1
1=2-1,
so A(1) is true.
Step 2: Assume.
Ak) : Fo+ Fy+ Fs+ Fs+ -+ Fop, = Fopn — L
Then by the formula F, o = F, 11 + F,, and the induction hypothesis,
Fy+ Fy+ Fo+ Fs + - + Fogesy
=+ i+ Fo+ Fs+ -+ Fop) + Forgo
= Fopy1 — 1+ Foppo

= Forr3 — 1= Foeyy — 1,

so A(k + 1) follows. Therefore, A(k) = A(k + 1).
So by the principle of mathematical induction, A(n) is true Vn € N. [

Exercise 30. Here F}, is the nth Fibonacci number. Prove that

(352)" - (55)"
V5

F, =

Proof. Let A(n) be the statement of the proposition.
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Step 1: Is A(1) true?

(%5%) - (%°)

F, =
' e
14+v5-1+v5
1£ —2
V5
V5
NG

So A(1) is true.
Step 2: Is A(2) true?

p 2 (59 - (55"
V5

2 _ 35

Using the hint in S-POP, which says (1+2\/5)2 = %5 and (1_2‘/5)

that the question is

(3+2\/5) B (3_2\/5)

F =
: Vb
3+v5-3+V56
14 —2
V5
V5
Vit
So A(2) is true.
Step 3: Assume
(1+\/5)’f _ (1—\/5)k
A(k) . Fk = 2 \/g 2
d
an 1+\/g)k+1 . (1_\/g)k+l
A(k"_l)Fk-_;’_l: 2 2

2

, we find
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Then

Firo = Fiq1 + i,
1+v5\k _ (1-v5\k
NEDSCEN

S

so A(k +2) follows. So by the principle of double whammy mathematical induction,

A(n)istrueVn e N. O




