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Modeling with IVP 's :
examples .

week 8 - Friday , 3/8

Today :

populationgrowth.CA
) Exponential I unlimited ) growth C recap ) .

Here , the rate of growth of the population is proportional
to the population size !

cedi
= KP

,
Plo ) = Po .

( * )

The parameter k > O is the per capita groft rate
Interpretation :

write the DE in ht ) as

K -

. dpldtp °

So k is rate ofgrowth of population per unit of population .

E.g . if P is in rabbits and t in months ,
then k has units

rabbitslmonth or month
- 1

:

rabbit

k tells us how many rabbits per month result from each rabbit .

We've seen that ( * ) has closed - form solution

Plt ) -

- Poe
's!

(B) Logistic ( bounded )growth .

If an environment can support only qfyytewenum.mg/sqf
-

say ,
b - of rabbits ,

then instead o

have
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ddt
= If f I - Ib ) ,

Pco ) = Po
.

( * ' I

"

carrying capacity
"

" pier capita growth rate
"

Picture :

Plt )
, , f ← exponential growth

lab ) -_⇐y÷--/
logistic growths

"
t ¥

t

One can show that ( *
'

) has closed - form solution
1st

Plt ) = PobebtPo C ekt .
a )

•

We've also studied ( *
' ) using Euler 's method

.

(C) Dual populations , e.g . predatorprey .

Say we have rabbits R and foxes F
.
We assume

:

Li ) logistic growth of R
, in the absence of F ;

Iii ) rabbits die C through predation by F ) at a

rate proportional to R . F ;
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Ciii) Foxes are born at a rate proportional to R . F ;

Civ ) Foxes die at a rate proportional to F
.

These assumptions yield the
" Lotka - Volterra equations :

"

did = 1¥ l
It

a ( t -

j ) - a R F

" " ¥ .

. .e¥
.

( a ,
b
, c , d , e are positive parameters ) .

There are he closed - form solutions to ( LV ) ; we need
to use numerical methods to solve them .

Some possible tweaks to ( LV ) :

(a) Replace term Ci ) with KR for some k > O C that is ,
assume unlimited growth of rabbits ) ;

(b) The "

May Model
" entails the following changes to

C LN ) :

• replace c RF C term Cii ) ) with CRI
Rtm

for some parameter m > O
.
This reflects the fact that

no fox can eat an unlimited number of rabbits
.
( why ? well

,
CRF

just keeps growing as R does ; the denominator Rtm slows this growth .
)
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• replace d RF C term Ciii )) with

IF ( 1- .

That is : foxes grow logistically ,
with carrying capacity

proportional to the number of rabbits present .

Next time : more IVP 's
.


