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week 7- Wednesday, 10/7

Exponentialgrowthanddecayi-modeling.last week
,
we saw that the exponentialgrowth(decayinitial value problem ( IUP)given by

(growth) ddPq= KP, PCO) -- Po I dig = - KR, R lol = Ro (decay )

has solution

Plt) = Poet't I Rft) -- Roe
- t.it

Here
,
PolRo is the initialvalue of PIR , and k is the per capitagrowth

rate / per unit decay rate .

Exampled A certain exponentiallygrowing population doubles every
three years.

(a) what's the per capitagrowth rate k ?
(b) If Po = 10 ( in millions ), find :

( i) An explicit formula for Pct).
(ii ) when Plt ) = 100 (million) .

Solution . We have

1st
Pct) = Poe (*)

for certain constants k and Po .
we're

given
that

p(3) = .2Po,
so by (* )' pock

.

3=2 Po .
Solve for k :
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3k

e =L
In (e
") = 1h12)
3k = In 12)

K = 1h43 = 0.231049 year?

(b)lil Plt) = poekt , go €0.231049
t

n

(ii) we solve
Pct) = 100

for t : 0.231049T
IOe = 100

@
0.231049T

= 10

In Ceo-23104Gt) = In (IO)
0.231049T= In (lol

t = In (10110 . 231049=9.96579 years .
Remarks

.

saw, in part cat of the example, that K
-

- In (21/3
.

So the

answer to part (b)Ci) can be rewritten :

Plt) -- to .cl/nHY3!t/oCelnkYt/?/o.2t.l3

This clearly shows that Plt) doubles every 3 years
(since adding 3 to t causes 243 to double ).

(B)
"

Gut check :
"

since Plt) doubles every three years, we can
"

chart
"

itsgrowth like this :
Plt) = 100 in here

€ somewhere

Po -- 10 20 40 80 160
-VIV

3. years 3 years 3 years 3 years

which confirms that Plt) = 100 after between 9 and 12 years .
This does not proves that (b)

ki ) is correct
,
but it does tell us

we're in the right ballpark .
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Exampled Salt dissolves in water at a rate proportional to the
amount S (t) remaining .
If G lb .

of salt reduces to 5 lb . after I hr
,
how much

remains after 4 hrs ?

Solution We have

days = - KS
,

5101=6
,

so by our exponential decay IVP above,
SCH -- Ge:

1st (**)
To find k note that sci) = 5

, so by (* * ) ,

- Is . I

Ge = 5
e-
k
= 5/6

- k = In (%)
k= - In (5/6)=0.182321 t

so again by (**))
- o. 182321T

SHI -- Ge
.

it
so S (4) = Ge

- 0.18232
=2.893543 lb

.

Note .
We could also write our formula for SH) this way

:

SH) = ge-kt.ge
- th "t.ge/hl4dt=gfeh(%')! g. (%) !

This reflects how the salt reduces by a factor of % each hour:

3

So -- 6 6. I 6. E - I 6- ( %) 6. (%)
"

⇐ 2.893519)
w u wi -
I hr Ihr Ihr Ihr


