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Exponentialgrowthanddecay.LI) Exponential (unlimited )growth .

Let Po and k be positive constants .
We've seen that :

The function D= Poekt satisfies the "exponential (or
" I::÷÷÷÷i÷i: ..

Terminology : if P denotes population , we call Po the
initial popn .

Also
,
note that the DE dPldt = KP may be written

k -- dpldt . (* I
P

So : k is the ro wth rate per individual and is

called the per capstangrowth rate!

Units for K : if P is in individuals and t in years, then

by 1*1, the units for k are

individuals (or year
- B ) .

individual
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Example's
A powiat ion P has per capita growth rate 0.3 year

-I
,
and

initial size PCO) = 100,000 . Find :
(a) A formula for Plt) (t in years

);
(b) The population four years on .

Solution .
(a) We'regiven

that

÷
= 0.3 P

,
PCO) = 100,000 .

So by ( Eg ),
Plt) = too

,
oooe?

3T

( lb) By part lab 0.3"! 332,011.69 . . . people .P(4) = 100,000e

(Il ) Exponential decay .
Reasoning as above, we find

:

ThefunctionR-Roe.tsatisfiesthoe.exponentialdeo.ae/IV ( Ed,

ddtf = R
,

R Ro .

Here
,
k >O is the Beer init ) decay irate ; Ro >O is the initial
a .

Exampled
sugar dissolves in water at a rate proportional to the amount
remaining . Write an equation for the amount S (t ) of sugar
present at time t, in terms of the decay rate K and initial
amount so Cat t --O) .
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Solution
.

w-eha.ie dd¥= - KS and 5101=50 , so by (Ed ) ,
SH) -- Soe

- Kat

(Il) Basic properties of y=e×.
rts r s

( i ) @0=1 .
Civ) e =

ee for all r
, s .

rts r s
( ii) e-

×
>O for all x

.

(x ) e = e le for all r
, s

( iii) e-×=1/e× for all x. (vi) (e")s= ers for all r
,
s
.

(vid d- [ ex] = ex.
dx

(viii) Graph :

y n HH y -- ex
-

:&
- 3 0.05

11
"

- 2 0.14
- I 0.37it:÷÷f1

-
•←-¥

###;-'
Exampled Let fcx) -- exe" ?

Find f-
'

(x) in two ways
:

(a) Differentiate
,
then simplify;

(b) Simplify, then differentiate .
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Solutions , = * [exe"]
= e×dq×[e7- × ] + e>-× dd× [ex]
= exe>-x# [ 7-x) t e?-×e×
= exe?

- X C- 1) te
?-×e× = 0

(the two summan Is cancel),
(b) f- (x) = exe

?-I e
""I e

?
(a constant),

"

f
'

(x ) = da [I] = 0 .


