
MATH 1310: CLS SOLUTIONS Tutorial: Integration by Substitution

1. Evaluate the following indefinite integrals by substitution. The first one has been done
for you, to remind you of the process.

(a)

󰁝
x

(x2 + 1)2
dx

=

󰁝
1

u2

󰀕
du

2

󰀖
=

1

2

󰁝
1

u2
du = − 1

2u
+ C

= − 1

2(x2 + 1)
+ C.

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

u = x2 + 1

du = 2x dx

du

2
= x dx

(We’ve used the fact that
󰁕
(1/u2) du =

󰁕
u−2 du = −1 · u−1 + C = −1/u+ C.)

(b)

󰁝
12ln(x)

x
dx

󰁝
12ln(x)

x
dx =

󰁝
12u du

=
12u

ln(12)
+ C =

12ln(x)

ln(12)
+ C.

󰀏󰀏󰀏󰀏󰀏󰀏

u = ln(x)

du =
1

x
dx

(c)

󰁝
sin

󰀕
πx

27

󰀖
dx (hint: try u =

πx

27
)

󰁝
sin

󰀕
πx

27

󰀖
dx =

󰁝
sin(u)

󰀕
27

π
du

󰀖

=
27

π

󰁝
sin(u) du =

27

π
(− cos(u)) + C

= −27

π
cos

󰀕
πx

27

󰀖
+ C.

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

u =
πx

27

du =
π

27
dx

dx =
27

π
du



(d)

󰁝
cos(x)

1 + sin2(x)
dx (hint: try u = sin(x))

󰁝
cos(x)

1 + sin2(x)
dx

=

󰁝
du

1 + u2
= arctan(u) + C

= arctan(sin(x)) + C.

󰀏󰀏󰀏󰀏󰀏
u = sin(x)

du = cos(x) dx

2. Evaluate the following definite integrals by substitution. Express each answer as a
rational number, meaning either an integer, or an integer divided by another integer.
Again, the first one has been done for you, to remind you of the process.

(a)

󰁝 2

0

x2

(x3 + 1)2
dx

=

󰁝 9

1

1

u2

󰀕
du

3

󰀖
= − 1

3u

󰀏󰀏󰀏󰀏
9

1

= − 1

27
+

1

3
=

8

27
.

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

u = x3 + 1

du = 3x2 dx

du

3
= x2 dx

when x = 0, u = 03 + 1 = 1

when x = 2, u = 23 + 1 = 9

(We’ve used the fact that
󰁕
(1/u2) du =

󰁕
u−2 du = −1 · u−1 + C = −1/u+ C.)

(b)

󰁝 e2

1

ln(x)

x
dx

󰁝
ln(x)

x
dx =

󰁝 2

0

u du

=
u2

2

󰀏󰀏󰀏󰀏
2

0

= 2.

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

u = ln(x)

du =
1

x
dx

when x = 1, u = ln(1) = 0

when x = e2, u = ln(e2) = 2



(c)

󰁝 √
π/2

0

z cos(z2) dz

󰁝 √
π/2

0

z cos(z2) dz

=

󰁝 π/2

0

cos(u)

󰀕
du

2

󰀖
=

1

2

󰁝 π/2

0

cos(u) du

=
sin(u)

2

󰀏󰀏󰀏󰀏
π/2

0

=
1

2
− 0

2
=

1

2
.

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

u = z2

du = 2z dz

du

2
= z dz

when z = 0, u = 02 = 0

when z =
󰁳

π/2, u = (
󰁳

π/2)2 = π/2

(d)

󰁝 ln(ln(6))

ln(ln(2))

ey · ee
y
dy

󰁝 ln(ln(6))

ln(ln(2))

ey · ee
y
dy

=

󰁝 ln(6)

ln(2)

eu du = eu
󰀏󰀏ln(6)
ln(2)

= eln(6) − eln(2) = 6− 2 = 4.

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

u = ey

du = ey dy

when y = ln(ln(2)), u = eln(ln(2)) = ln(2)

when y = ln(ln(6)), u = eln(ln(6)) = ln(6)



3. Solve the initial value problem

dy

dx
= xex

2

, y(0) = 5.

y =

󰁝
xex

2

dx

=

󰁝
eu

󰀕
du

2

󰀖
=

1

2

󰁝
eu du =

1

2
eu + C

=
1

2
ex

2

+ C.

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

u = x2

du = 2x dx

du

2
= x dx

Then plugging in y(0) = 5 gives

5 =
1

2
e0

2

+ C =
1

2
+ C,

so

C = 5− 1

2
=

9

2
,

so

y =
1

2
ex

2

+
9

2
.


