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Week 13 . Friday,
4/13

A useful integration technique :

Integration by substitution
( = the chain rule In reverse ,

sort of )
.

Example ±
'

and fzxcodx 2) dx
.

Solution
.

The key Is that the integral contains something - namely ,
x2 -

whose derivative - namely ,
2x - is also present .

The trick is to call that
"

something
"

u :

u=x ?
Then

ddux =

2x ,

so
*

du =2×3So
S Lxcos ( x 2) dx fcoslu ) du = sink ) + C =

sin ( × 2) + C

-- slug back infor u

Check :

d sin ( x 2) + C =
cos (×2)

. d ×2 +0

dx dx
=

cos 1×2) . 2× = 2xcos(x2 )
.

✓

*

Technically,
% isn't a fraction

, so why can we

"

multiply
do =2x by dx

" ?

dx

Why ? Because it works !

The
"

check
"

illustrates this ( and shows
how the chain rule figures in )

.
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Example 2
.

( Note the work
"

In the margin .

"

)
( ( choose a "v

"

×
s

whose derivative
fSx4(2tx5)26d× u=2tX

y
also appears )

Mf du =5x ( differentiate )
dx

= fu26du =u

27
+ C du=5x4d× ( multiply

27 by dx )
= (2+1/5)

"
+ C .

27
[ D 14 : check

.
]

Example 3g sinlxlaoshddx@ u=sm(x )
=fe°du do = cos ( x )

=e4c=es'
" Htc

. dx
Check : du=cos(x)d×

d es 'n¥c=esm×!cos(×)+O
dx =es' Nxkoslx) ✓

Example 4
.

u=e×t4f ¥gex+y)2d× du=e×dx*

=)
,,! ,

do = arctanlu )+C

=aratan(e×t4)+c .

* We went right from u= ... to du =
. . .

, skipping the step
ddtx

=
. . .

In between .
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Example 5
.

fsinlzlhtt)) Iz u=1n( z )
du= I dz

=Ssin(u)du= - cosh )tC Z

=
- cos(1n( z ) )tC

.

€×amPk6j×s,n(×a+nd× u=×2+l our substitution

=§m(d. ( dzu )

du=2xd×*§wesa2xdx
,

du =×dX but our integral=Lfs,n(u)du= - fncoslultc 2 has only xdx
,

= -

'

acosc d) + (
. so divide by 2

*  

If your u . substitution givesyourdu an unwanted constant
factor

,
like 2) just divide by this factor

.

Example ?
g×aex3d× 3

u=X

=feu( d
; )=Y3Se°du du=3x2dx

dg=×2d×=jE+C= ;e×3+c
.

Example 8
.

gelydy fd(dY ) u=7y
du=7dy

= 'gfe°du=Td+C=Fe4+C . dy=dy
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Example 9
'

gcodxt)d×= ?

4
We could try u=× , but then

du=4x3dx
,

and what do we do

with the x3 ?

Fact : sometimes substitution fails
.

( Also : coscxt) has ng nice
anti derivative

.

)

Next time : substitution In definite integrals .
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