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Taylor polynomials .

Recall : if flx) is differentiable at xsa
,
then

the linear approximation to fcx) at x --a, given by

Tg (x) = fla) + f
'(a) (x-a),

satisfies :
( i) T, (a) = flat + f

'la) (a- a) = fca) ;
Iii) Tg

'(x ) = £[flak f'Ca) (x-a)] s O-ifYa)
-I

= f Tal, so in particular, I
'
(a) = f'la )

.

In sum: Tg agrees with f, and Tg
"

agrees with f,
"

at x -- a .
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⑦
Now suppose we want to approximate Hx), near
x -- a

,
with a polynomial

Tnlx ) -- aol.ailx.altadx.at?a3cx-aPtadx-aY+...tanCx-a)" (B)
of degree h . Let's agree : such a polynomial must
satisfy genki (a) = f ""la)

*
for all Osksh . That is : The first n derivatives

of Tn and of f agree at Xiao

*

including the
"Ott derivatives

,

"

meaning just the
function values TnCa) and feel .

What does this tell us ? Well
, by f ,

if Os Ksh,
then the first k derivatives of Tn (x) look like this :

Tn '(x) = art 2azlx.ai-3aslx.at?4ayCx-aPt...tnanlx-a )
" "

Tn " CX ) = Laz-13 -2azCx-a) +4-3at CX-a)at . . . t n (n - 1) anCx-a)
n-d

Tn
" (x) = 3 . Last 4. 3.2ay(x-a) t . . . t n Cn- 1)(n -2)an CX-a)

n - 3

! (can you see the pattern ?)

Tn
""
(x) = k ! art (something . Cx-al t. . . + (something) . Cx -a)

"

I
"

Now plugin x -- a, to get this FACT :

T
"" (a) = k !6kt (something @Ot

. . .
+(something).O = Kkk .



③
Now remember : we want T"4al=f'"Cal . So by
the FACT, we need k !aks f

""Cal
,
or

flHla)
ak= KT (Os Ksn ) .

Conclusion !

Suppose the first n derivatives of fCx) exist at
x --a .

Then the _nth # Taylor polynomial
A"x÷÷÷i÷÷÷÷:÷"x⇒÷"÷satisfies

qnckya) = fck'(a) for OS k Sh
.

E×amP% the fourth degree Taylor polynomial Tix)for f- (x) = In Cl - x ) at x -- O .
Alsoguess what Tn (xD

might look like .
Solution we have a and net

.
We compute :

f- Co) = In (1) =D.
f- ' (x) =I . - I, f

'

(o ) = -I
.

I - X



f-
"

Cx) = dg×(;÷× ) = ,a ,
f
"

lol = -I
.

f- "' (x ) -- da (g¥) = ,
f
'"lol = - 2

.

fl 'd (x ) s d6×(-1.2×13) = ,
f
'" lol = - 3.2=-6.

So

Thx) -- O -T.x.gg?2;qx3-3.p?x
"

= - x-xf -¥ - ¥
.

.

Conjecture : Tn(x) = - II.
, x÷ .


