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Math 2300-888R Second Evening Exam

DIRECTIONS

This exam is OPEN EVERYTHING! You can use any notes, electronic/online sources, or human
resources you would like. But you must UNDERSTAND what you write in the end, and state it in

your own words (and math symbols).

You will be graded on the quality of your exposition and reasoning! Please write everything out

using complete sentences, careful arguments, proper mathematical notation, and so on.

Please complete all work in the space provided. It is fine to print this exam out and complete it
by hand. I recommend using scratch paper until you have a solution you're happy with, and then

writing that solution carefully on these pages.

If you have access to a word processing program that is good with math symbols, and you have the

technology and expertise to complete this exam that way, that’s fine too.

Either way, please turn the exam in through the Dropbox feature of Canvas. (Go to “Assignments”
on our Canvas page, Click on “Exam 2, First draft” under “Upcoming assignments,” and follow the
directions there.) If you have written out your exam by hand, then you can submit either a scan
of your exam, or photos of the pages, taken with your phone/tablet/computer. Just MAKE SURE
IT’S LEGIBLE or you will lose points.

What you hand in on Monday, April 6 will be your FIRST DRAFT. I will grade these drafts carefully
and indicate where you need to make corrections and improvements. I will return your annotated
exams to you by the start of class on Friday, April 10. You will need to make the indicated revisions,

and get the corrected version back to me, by the start of class on Friday, April 17.

You will receive a grade on both the first draft and the final version.

If you get stuck on a problem, please skip it and then come back. You have plenty of time!!
Please sign below:

I have read and I understand these directions.
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1. A thin lamina (plate), of uniform density d, occupies the region above the x-axis and below the
ellipse
4(x — 1)* 4 25¢y* = 100.

(a) (5 points) Show that this lamina has mass m = 5md.

Solution: The mass is given by
1
m = 5/ S\/100 — 4(x — 1)2dx.
-4
Put z = 1 4 5sin#, so that dov = 5cosfdf. Also, when x = —4, we can choose
0 = —m/2 (since 1 + 5sin(—n/2) = —4); when z = 6, we can choose 6 = 7/2. So we
get
5 w/2
m= < /100 — 4(5sin 6)?2 (5 cos A d)
—7/2
5 w/2
:5/ 10V 1 — sin? @5 cos 0 df
—7/2
w/2 w/2
= 10(5/ V1 —sin?6cosfdh = 106/ cos® 6 df
—7/2 —7/2
/2 1 /2
=50 (14 cos20)df = 50(6 + = sin 20)
—r/2 2 —/2
1. 1.
=50(m/2 + 5 ST — (—m/2 + 5 sin(—m)) = bmd.
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(b) (5 points) Find the center of mass (Z,7) of this lamina.

Solution: It’s clear that T, the x coordinate of the center of mass, is T = 1, since the

lamina is symmetric with respect to the y axis. Also,

Mx:5/6Mdmzé/6(%\/100—4(x—1)2>2dm

—4 2 2 —4

_ 0 /6 (100 — d(x — 1)?) dz = 2 (1002 — 2(z — 1))

6

50 ) 4 50 —4
— 5%(100 16— %(5)3 - (100 (—4) - %(—5>3)) = 4305‘

So
M, 405/3 8

yzﬁ_ 576 37

- (1.2).

So the center of mass is
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2. (10 points) A tank in the shape of a circular cone, with radius and height equal to 10 m, is full

of water.

10 m

10 m

Find the amount of work required to pump all of the water out of the cone, from a small hole
at the very top of the cone. Answer in terms of the density § of water, in kg/m?, and the
gravitational constant g, in m/s®. (You don’t have to plug in numbers for § and g.) Please

include units in your final answer.

Solution: We need to “add up” (integrate) the work required to pump each infinitesimal
slice like the one shown. Let x be the vertical distance from the tip of the cone to this disk.
Then this slice has volume 7 x radius? x dz. The radius is equal to z, by similar triangles,
since the radius of the entire cone is the same as its height. So the slice shown has volume
7 2% dx, and therefore has weight (force) equal to 7+ 2% dz. The work done in pumping
out this slice is therefore x x 7§ 2% dv = 7§ 2° dz, so the work done in pumping out the
entire tank is

7y xt 10

= 2,5007 v 6.

10
W—/ Ty dxdde =
0 0

The units are those of weight x distance, which is to say m® x kg/(m?sec?) x m = kg-

m?/sec? (or joules, or Newton-meters).
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3. In this problem, we are going to use the Integral Test to determine whether
>
2 fin(n))

converges or diverges.

(a) (5 points) Fill in the five blanks (you don’t need to prove anything): Let

1
0= a7

Then f(z) is continuous , positive , and decreasing for x > 5,

so the conditions of the Integral Test are satisfied. So

o

1 > dx
h i _— he i 1 _—
the series Z n(ln(n))1/3 and the integra /5 x(ln(aj))l/3

either both converge or both diverge

(b) (3 points) Compute the indicated integral:

Solution: Putting u = In(z), we find that du = dx/x, so

/°° de /°° .
5 35(111(45))1/37 In(5) ul/?

o . 3 . 00
/ w3 du = Zu?? = 0.
In(5) 2 In(5)

(¢) (2 points) Fill in the two blanks: the integral diverges , so by the Integral Test,

the series diverges too.
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4. In this problem, we are going to use the Integral Test to determine whether

o0

1
2_; nln(n)(In(ln(n)))?

converges or diverges.

(a) (5 points) Fill in the five blanks (you don’t need to prove anything): Let

1
T = @ i)

Then f(z) is continuous , positive , and decreasing for x > 5,

so the conditions of the Integral Test are satisfied. So

o0

1 o dx
the series and the integral /
nz; nln(n)(In(ln(n)))? o xln(z)(In(In(x)))?
either both converge or both diverge
(b) (3 points) Compute the indicated integral:
Solution: Putting u = In(In(x)), we find that
1 d 1
du = -—11 = dx,
N In(z) dx[ (@) xIn(x) -
SO
/ > dx B / < du
5 zIn(z)(In(In(zr)))? In(In(5)) u?
> 1 1
= uw S du = —— =0+ < 00
/1n(ln(5)) 211,2 In(In(3)) 2(1H(1H(5))2
(¢) (2 points) Fill in the two blanks: the integral converges , 80 by the Integral Test,

the series converges too.
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5. (a) (4 points) Use a test to determine whether

>, 45n
24712—1-7

n=123

converges or diverges. Please state clearly which test you're using, and show clearly how

you're using it.

Solution: Let a, = 45n/(n® + 7) and b, = 1/n. Then Y b, diverges, by the p-series
test with p = 1. Also,

an, 45n  n . 45n?

lim — = lim im

o i}
n—00 bn n—00 n2 + 7 1 n— 00 n2 -+ 7 ’

so by the limit comparison test, Y a, diverges too.

(b) (3 points) Use a test to determine whether

Z T — jn

n=4321

converges or diverges. Please state clearly which test you're using, and show clearly how

you're using it.

Solution: Let a, = (6™ +4")/(7" —5") and b, = (6/7)". Then )_ b, converges, by
the geometric series test with r = 6/7. Also,

" 6TL 471/ 7TL 1 4 6 n
lima—zlim ™ .7:hmM:1’

so by the limit comparison test, » _ a, converges too.
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(c) (3 points) Use a test to determine whether

= 3n+2
:74n—5

n

converges or diverges. Please state clearly which test you're using, and show clearly how

you're using it.

Solution: . _
n +
i = - 40
L

so by the nth term test (also called the divergence test), the series diverges.

Page 8 of 18



6. Consider the series

— (=1)"
nZZB 1++n

(a) (2 points) Explain carefully how you know that this series converges.

Solution: Write this series as ) . (—1)"a,, where a, = 1/(1 + /n). The a,’s are
positive and decreasing, and clearly tend to zero as n — o0o. So the series converges by

the alternating series test.

(b) (3 points) Does the above series converge absolutely? Please justify your answer, by stat-

ing which test you will use, and applying that test carefully.

Solution: It does not converge absolutely, by limit comparison with > . b,,, where
b, = 1/y/n. Indeed, >_ b, diverges by the p-series test with p = 1/2. And
an, Vn

lim 2% — 1 _

L,

so Y a, diverges too.
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(¢) (3 points) We want to approximate the series on the previous page using the partial sum

(1"
Z 1++/n

n=3

How large does N have to be to assure that the error in this approximation is no larger
than 0.017 Your answer should be of the form

N > some integer

(that you write down explicitly).

Solution: By the alternating series remainder estimate, the error involved in approxi-
mating an alternating series >~ ,(—1)"a, by a partial sum Zﬁ:}:g(—l)"an is no larger,
in magnitude, than ay.1. So we need only choose N so that
b <0
a p— .
NS TN S

This is the same as 1 ++v/N +1 > 100, or VN +1 > 99, or N +1 > 992 or N >
992 — 1 = 9800.

01.
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(d) (2 points) Does the series

Z:1+\/‘

=3

converge to a positive or a negative number, or to zero? Hint: approximate this series with
a partial sum that contains just one summand. Then use the Alternating Series Remainder

Estimate to determine how far off your estimate could possible be.

Solution: It converges to a negative number, for the following reason: if you start

with a negative number, and add to that number another number that’s smaller in

magnitude, then you’re never going to get a positive number.

More precisely, here’s the argument. We can approximate this series (badly!) with the

sum consisting of just the first (n = 3) term:

i ="
1+vn

n=3

(—1)°
1 N ERVE

which is negative. How far off can we possibly be? Well, the alternating series remain-

Mw

n=3

der estimate tells us that this crude estimate is off from the actual series value by less
than the next term, which is (—1)*/(1 4+ V/4).

So the actual series value is between

(-1)* (=1 and (—1)° N (—1)*
1+v3 1+4 1+4v3 1++4

Everything in this range is negative, so the actual series value is negative.
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7. (a) (2 points) Give an example of a sequence {a,} such that

lim a, =0,
n—oo

>0 (=1)""a, converges, and Y - a, diverges, or explain why no such example exists.

Solution: Example:

a, =1/n

(the alternating harmonic series converges, but the harmonic series diverges).

(b) (3 points) Give an example of a sequence {a,} such that

lim a, =0,
n—oo

oo (—=1)"*a, converges, and > | a,, converges, or explain why no such example exists.

Solution: Example:

an = 1/n?

(by the p-series test with p = 2, > a, converges, and absolute convergence implies

convergence, so » (—1)""1a, converges t00).
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(¢) (3 points) Give an example of a sequence {a,} such that

lim a, =0,
n—oo

o : oo . .
Y meq ay diverges, and ), |a,| converges, or explain why no such example exists.

Solution: This is not possible, because absolute convergence implies convergence.

(d) (2 points) Give an example of a sequence {a,} such that

lim a, =1,
n—oo

oo (—=1)"*a, converges, and Y7 a, diverges, or explain why no such example exists.

Solution: This is not possible because, by the nth term test, lim, .,ca, = 1 # 0

implies that the series diverges.
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8.

(a) (5 points) Evaluate

> 1
Z (3n—1)(3n+2)

n=6

Solution: It’s a telescoping series:

e}

1 1 1 1
— (30— 1)(3n + 2) :§Z[Sn—l_3n+2]

n=>6

(e}

n

1 11 . 1 1 . 1 1 P 1 1 n
3\ |17 20 20 23 23 26 3N -1 3N +2

Now everything in between the 1/17 term and the 1/(3N + 2) term cancels. Since
1/(3N +2) — 0 as N — oo, the series converges to 1/3(1/17) = 1/51.
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(b) (5 points) Evaluate the infinite series

n=0

2 2+2 2+2
3 9 27 3t 3
Solution: It equals
) . 1+1 1+1
3 3 32 3334
2 1\N" 2 1 2 3
—32(‘3) =3 T3 "3 1
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9. In this problem, we will consider convergence of the series

= 3"(n!)?
; (2n)!

As usual, we will denote the nth term of the series by a,, that is,

(a) (4 points) Show that
any1  3(n+1)

an  22n+1)

Hint: it may help to observe that

2+ 1)) =2n+2)(2n+1)(2n).

Solution:
(ni1 _ 3" ((n+ 1)1)? . (2n)!
an, (2(n+1))! 37 (n!)?
_ 3 ((n+ 1)1)? (2n)!

3 T )2 2ht D)

3t S+ (2n)!
= 3 X( 7! > * 2n+t2)

) 1

=3+ ) X G G D)

. 3x(n+1? 3x(n+1)7

T 2n+2)2n+1) 2+ 1)@2n+1)
3(n+1)

2@2n+ 1)
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(b) (6 points) Using what was shown in part (a) of this problem, and an appropriate test,
determine whether the series > >° | a, on the previous page converges conditionally, con-
verges absolutely, or diverges. State clearly which test you are using, and show clearly how

you are using it.

Solution: We apply the ratio test. By part (a) above,

An+1
Qn

lim

n—oo

4+ 1
:111'3(n+ )‘:3

22n+1)| 4

n—o0

This is less than one so, by the ratio test, the series converges.
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a

10. (10 points) Does

= (3n)!
; 257 (n!)3

converge or diverge? Please show all your work, and explain completely.

Solution: Similarly to the previous problem, we compute that

(ny1 (3(n+1))! " 25" (n!)?
an 25n*1((n + 1)1)3 (3n)!
25" (3(n+1))! (n!)3

T Bo)l  ((nt 1))

1 (3n+3)! nl\°
25 (3n) X<m+1ﬁ>

1 1

25(371 +3)(B3n+2)(3n+1) x CESE
C Bn+3)Bn+2)Bn+1)  3(n+1)B3n+2)(3n+1)
B 25(n + 1)3 B 25(n + 1)3
~3(Bn+2)(3n+1)

25(n +1)2
But then
R . 13Bn+2)(3n+1) 27
lim = lim = —.

This is larger than one so, by the ratio test, the series diverges.
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