
Taylorpolynomialsaudseriest) Regap : Taylor polynomials .

oppose f is a function that is n times differentiable at
*a - that is, fla) , flat , f

"Cal
, . . .,
f"'Ca) all exist

. Then we
define the nth degree Taylor polynomial for fCx ) at x--a,denoted Tnk)

, by

Tncxls flat + f
'(a) lx-as tfj Cx-a)2tfx-AP3 !

too
.
+final (x-at = , of"I¥ Cx-al ! 1*1

Then
,
from (* I, we see that Tn Cx ) satisfies :

lol Tn (a) = flat t { terms with a factor of Ca-a ) }
= flat to = f la) .

(1) Th
'

( x) -- f
'(a) + { terms with a factor of (x-aB,

SO

Th 'la) = f
'Cal + { terms with a factor of (a-al}

= f '(a) to = f '(a) a

(2) Tn
"

(x ) = f
"

(a) + { terms with a factor of Cx-a)},
SO

Th
" (a) =f "(a) + { terms with a factor of Ca- a )}

= f "la) to = f
"

Ca) .



• a 8

(n) T.nl"(x ) -- f 'n'(a) + { terms with a factor ofCx-al}
,

SO

Tn"'(a) --f 'n'(al t { terms with a factor of Ca-a)}
= f tht (a) to = f 'n'(al

.

th
In sum " the K - derivative of Tn and the
Kth derivative of f agree, for Os k

s h .

The PIG IDEAS here is this :

Because derivatives dictate
"

shape,
"

Tn
should look a lot like f , near the point
X s a .

Picture :
a ysflx )

"

is
..

#
a

( But Tn , being a polynomial, isgenerally simplerthan f algebraically. I



Ew×eaIoPmute the 3rddegree Taylor polynomial -13
for

C- (x) at x =/ .
Tx

#
f "# µ -1,1212 I -314 I151857*131215×151215-111712
flmll ) 12 I 116 3/128 15/1024 .

So

Tnk) Cx- lltaafx -112%1%1×-113
+ fix- ht ex- lPgo§-gcx-11?

For example, since X= lol is
"

close
"

to Xsl,
we approximate :

f- (1.1191-311.1)=21-1%-102%3-+0.005=0.506369628
. . .

2048

[
"

True
"

value : fll. D= 0.506369683. . . ]



B) Taylor series.

If f
""
(a) exists for all k -- O, I, 2,3, . . . , then we

can define the Taylorseries Tlx) by
THI s finnaTnlxt-nky.E.fi?!aIx.alk-,Eof!!cacx-aY.
Also : if a--O , we call the Taylor series a
Man series.

Example : we've seen that fCx) = sin x has Maclaurin
series 2kt I
Tlxl = x tgx÷- o . . = ,¥oCIx .12kt l ) !

We havent seen
, yet, whether TG) converges

to f(x) .

An easy ratio test shows that the Taylor series TG)
for fCx) =sinx converges, for all x . (D 14

)
.

But this does not prove that 17×1 convenes to fCx)
!!

For that
,
we'll need more (to be seen sfon ).


