
T-aylorseriesM.se/aneousexampesandapphcations-Exampe1: a Maclaurin series for cosX .

we've seen that

sinx = ,¥o,÷, x
""! x - ty÷;x÷ too .

for all x . Differentiate term- by- term toget
cosx =

"
"2kt Dx
"
= Ego x

"

= I -g÷tx÷-gx÷t . . . for all x .

Exampled .

A long long time ago, in class, we
saw that

f-Cx) = ex
has seventh degree Taylor polynomial
Tix) = I + xtg4tzx÷ to.. -144 .

FACT : the pattern continues . That is,
e '¥ too. =E÷o¥÷ for all x.



Exempt: thegeneralized binomial theorem .

Let b
f (x) = ( I +x)

where b is any real number. Let's do some derivatives
:

€i÷"""""
I b b (b- D b Cb - 1) (b-2)

The pattern is clear : f
""
(o) = b (b- l) . . - ( b - Ck- D) .

So we have the Maclaurin series
D K

Eblb-lkb.kz?oaoCb-CkIx.k=0
One shows that this series equals fcx) for Ix KI
tang, ?ometimes, depending on b, for x =

- l and/or



comments :

A) It's common to write ( bk ) ( " b choose k ") for
blb-DCbk-yooolb.lk# .

So we can write

( It xp =
, of bk) x

"
for IxKI .

B) All of thisgives the usual binomial theorem
if b is a positive integer (though this is not
obvious )

.



Eixample' usmc function "
S Inc (x) = SINI

X

has no simple, compact anti derivative . But
we can still integrate it ! Here's how : by the
Taylor series for sin x, we have .

2K

smccxt.si#.*E.o , :X
"

%I" × ,

for all x. Then

D K 2K

fsinclx)dx= JE CI X dx1<=0 (2K-111 !

•

=

"
ax

2ktI
= q x x C

.

K--o (2kt I) ! o (21stD



Examplet : using series to compute limits .
We could find a limit like

×
2
-

I'Isocosx×
using l

'

HipHal 's rule . Or we could use series ,
like this :

cosx = I - XL x -gX÷ + (higher powers ofx ),
SO

cos x - I -1×21 = yX÷ -gx÷ 1- (higher powers of x ),
SO

coSX×¥ = I + (higher powers of x ),
4 !

SO
. 2
km coSX×¥ = ¥

.

-Q t (higher powers of O )x→O 6 !
=÷ .



Exampled : A function f whose Maclaurin series
converges, but not to f .

Let fix) -- { e-
"*
if × to,

O if x --O.

The graph of f looks like this :

One shows : f
""
(O) =O for ad K : so the

Maclaurin series

!%f"!!Ixk= %
.

x! 0=0

converges (to zero) for all x . But f-(x ) = 0 only
at x= 0 . So the Maclaurin series, although it converges
everywhere, converges to fCx)only at x --O!!


