
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Weck 15 0926 (Wednesday) -D
BRIEFintro to fourier analysis.
GOAL:to investigate sourcer's 1807 claims
"there is no function ... which cannot be

expressed by a trigonometric series ·
19

Part 1:complex numbers.
Throughout, X,xy, x2, Y U,Y denote arbitrary
real numbers.

Definition 1.
(a) Lets denote a square root

of -1, so itI.
Acomplexnumber is a quantity xiy. The set
of all complex numbers is devoted G.

Geometrically, we think of 4 as the usual
myxyplanein thatweidentatasince

i
=
0+bi, we identify i with 10, 11.

(b) Let z=x+ iye4. Then's

· We call x the real part of 2, denoted Rea,
and cally the imaginary part of 2, devoted 3m2.

· The modulus (El is the distance from 2 to

10,0. SO (z) =x2
+y2.

Also, the angle that I makes with the-

positiveaxis calledthe augmentisthe
finally, we denote by 2the reflection of Z
about the x-axis. So E =Xsiy. We call
the complex conjugate of z.



②



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
(2) We define addition and multiplication in

by way of the operations on IR, keeping
in mind that i2=-1:
(x+iy) +(u +ix) =(x +v) +i(yxx);
(x +xy)(u+cx) =xu +x(ix) +(y

+(y)(x)
= (xu-yy) +i(xx+yr).

Exercise 1: Using the above definitions, show
that
(a) z+z =2Rez; z - z =2i7mz;
(k) z ==(z1
(c) I) =F0 then the unique

complexnumber
I
- Iz" (also written/z) such that zz =zz = 1

is
given by 2

=(xxiy)/(xxy*).
ix

Part I: the function to
Definition:if XCIR, we define the complex*

LX

exponential function - by
ix
=2 cosX+ iS In X-

Theorem I:properties of ex
We have:

(a) leixI= I.
(b) 2 ix'eixz =eilxg+Xzl

&

IX - (X(c) I e
E

=2 Iwhere ex means et*).
&

(d) (e (X) inx
for ne/N.

&

(c) e
inE-1" for me IN.

Proof:
fix) =(cosx+ isix) =cos-sinx =b.Ke I 2-

(b) eXIelX=(cosx,+ isinXg) (cos X2 +isinx2)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑪
=> cOSX,cOSX2 isXycosX+cOSX,sinXz
+isxySinX2
-(cosX,cosXz-sinxysinx2)
+ ilsinx, cox2+cosxysinxz)9cos(x,+x2) +isin(x,+X2

trig =e(1xg+x2).
identities

Parts (c(d)le): this is Exercise 2. It

Part II:periodic functions.
Definition 2. Let P>0.

Afunction 7:IR-IR is said to be P. periodic
if f(x+P) =f(x) Xxt/R.
APperiodic function is one whosegraph
repeats itself every p units.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑧
For simplicity, let's focus on In periodic functions.-

For example, let me 1. Then the function
In defined by pulx) =cos(nx) is Ziperiodic,
Since

PuIx+2x) =cos(n(x +2π)
=cos(nx+2n) =cos(nx) =pulx).

②

ChX

Similarly, quix) =sin(ux) and en(x) =e
-cos(nx) +isin(nx) define Inperiodic functions.

Now let f be 24 periodic. IfFourier was right,
and - has a trigonometricseries, then it stands
to reason that the trigonometric functions in
that series are 24periodic too. So, maybe,
I has an expression

of the form

f(x) =EcnlflenIx)= IculfeinY
ne ne1

- E culf)[cos(ux) + isin(nx)), (x)
neX

for appropriate numbers aul)CIR (or 4).

More on (x) next time.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

SOLUTIONS TO THEABOVE EXERCISES

Exercise 1. For these exercises, given Zee write
z =x+ cy, with x, y = IR.
Show that:

(a) z+z =2Rez; z - z =2i7mz.

SOLUTION:

Estegemz.L

(k) z ==(z)?
SOLUTION: 2

z= =(x +iy)(x - cy) =x2ixy2=x2+y2=(Xxyy2)
= (z12

(c) I) =F0 then the unique complexnumber
- Iz" (also written/z) such that zz =zz = 1

is
given by 2

=(xxiy)/(xxy*).

SOLUTION:

we check that

zz
y

=(x+iy).(x- iy) =x4y2 =4.

x
2
+y2 x2+y2

Similarly2z =1.

>toseethatisunique, suppose I is some

zq
=I. (x)

Multiply both sides of (1) by 2 toget
z
=3

zq=z-
*

orsince 2z=1,
9
=E!



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Exercise 2.
Prove the following parts of theorem 5 above:

(c) I eix =e
Y
(whereel means e"**).

SOLUTION:
ix = iX

We need to show that e c =1. But by
part,(b) if this theorem,i(X-x) 10
2 E =E - E

->cosO+isiO =1.

(d) (eix"=einx for n t/N.
SOLUTION:

we prove
this by induction. Certainly it'strueG

for n=1, since (eixs=ex=e"? Now assume

Alk): (ix) =eikxis true. To
prove Alkt1,

we note that
LX(eix)k+=(ex)e

⑧ E

LXK X
(by the induction hypothesis)-

2 2

- C
i(k+1)x

(by part (b) of this theorewel.

So A(K+1) is true.
So All is true and AK) =>Alk11), so by
mathematical induction, A(m) is true AntIN

(c) e
int=(-1)" for ne/N.

SOLUTION:

By part (d) above, with x
=

i,

int
=(ei= (cost+ isint)"E

=( - 1 +j0) =(-1).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Weck IS 0428 (Friday) -D
fourier series, concluded.
The story so far:
Iffis a "reasonable"24-periodicfunctions

sect that I has athen it's "reasonable"to
exp

tring series in terms of the 2periodic trig functions
inx

en(x) =2 ->cos(nx) + isinlux),
where i =-1 and neo
That is, we mightexpect that

f(x)=Icu(f)einx |x|
n=

for appropriate "fourier coefficients"culf).
Two by questions:
(1) Is this assumption correct, and if so, how
"reasonable"does have to be for (A) to
hold?

(2) 5f(x) DOES hold, whatI culfl?!

It's easiest to answer (2) first, like this.

Suppose (x) is true. Let's multipl both sidesE Y
of (X) by e

- KY, where ke , then integrate
both sides over [i,i], then divide both sides
by 25. Wegett

S f(x)ex

9 axaisuniteineineene2

pull stuff
-

that doesn't depend
on x outside the (x)

integral



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②
Now!
(a) If n

=k, then e
i(n-KY0?eicosO + isinO

-I, so the integral on the right side of (x)
equals i
S 4
dx =2π.

-

(b) If i#k, then the integral on the right side
of vals
T

(x)
eq -i(n-k) X π

ES siln-X

dx - i(n-k) -T
2

-I

antidifferentiate like
G

- i(n-1 inter constant-*
- 2 (-1)4=

((kk =0!!2

-i(n - k) -
- i(n -()

Exercise 2d,
last time

So (x)gives

*f(x)eikYex =yck(f)-24 =(ulf).·S-r
That is, splacingkeysf(x)exein
CONCLUSION:

#) f is 24- periodic and has a fourier series (X),
ten

(nlf) =2S. f(x)e:kx dXa (xx)

Exercise 1. Let f be the 2-periodic function
defined on [x,x] by f(x) =X?



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③
-



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑪
Show that

I(nlf) =2in*On0.
Partial solution.

we have, by (*X),
T

calf) - ).* f(x)e-
in
ex =

2S. x
*inxdX.

Now we use (without proof) the formula

Sx2eYax

E 3

if a=0,- c22ax-2)
-ifat

a

(where a is any constant
+0) to finish.

FINALLY, we address, withoutproof, question (I):
WHEN (for which II does 1x) hold?
We have the following, due to Dirichlet et. al.!

Theorem 1.
If I is 25 periodic and continuous on IR,

and f'is piecewise continuous on IR, then

f(x)=(ulf)einx Xxt Ro

Exercise 2.

Use Exercise 1 and the above theorem to show

that
*2=
n =5

Hint:use theorem 1 with X=T.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

SOLUTIONS TO THEABOVE EXERCISES

Exercise 1. Let f be the 2-periodic function
defined on [x,x] by f(x) =X?
Show that

(n(f) =(7,43 ifn =0
I

/(1)"/n* if 0.

SOLUTION:
we have, by

calf) - ).* f(x)e-
in
ax =

2Sx-nxdx.
Now we use the formula

Sx2eYax -

Ex
3 +c if a=0,
e*(ax2-2ax-2) +2 if at0.
a

It
gives - -(π=3 -π

Also, for nt0,
cult) =e-nx((- in12x2-2(- in)x - 2) I

I

1 in 1 - I

= 1 eint(on22 +2inx-2)
E

3

(in) - et(-n22-2in+ - 2)

= 1 [(-1)"(-ni+2ink - 2)-(-1)"(-n2+22inx-2)]
I in

->t)". tink=4!e



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Exercise 2.

Use Exercise 1 and the above theorem to show

that
*2=
n =5

Hint:use theorem 1 with X=T.

SOLUTION:

By Exercise 1 and the above theorem, we have

f(x) =Ecnlf)e*=colf)e"**Eculte
Lux

nex
=+4e

plug in X-i. Since f(x) =x
2
on [4,i], we have

f(x) =4so weget

42 =2+4x
-(-1)"!2.nto

-+* (*)

Since ( (= (-1)2=1. We solve (X) for
the infinite series, toget

int -it is
But now note that the series on the left isjust
twice the series youget by summing over positive
n, since I/ful=1/n2. So

2Es-, or it, n=.
n=1


