
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday, 9129:
Thm

.
3 .5 . 5 (Heine-Borel Compact sets (Sec . 3 . 5).
SSIR is compact if

Definition 3 . 5.1.
We

say
SS/R is compact if, for every

collection [Tc : LEA3 of open Sets TC IM
1 A can be any indexing set) such that

S& Ta
,

there is a finite set BSA such that

SSUT

In this context
, we call ETa :LA3 an open

cover of S, and ETX : xGB3 a finite subcover :

So
,
"S is compact "means

:

every open cover
of S has a finite subcover.

Example S10
, 1) is not compact. Proof : We have

10
,
11= (19).

But consider
any collection

E(Yn11) : nE B3 ,

where B is a finite set of positive integersa
Let m= maxB* Then

ne(15) = (mit),
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2

But 10
,
114 (11)

. So the open cover
& (Y

,
1) : nz IN3 of 10, 11 has no finite subcover,

So 10 , 1) is not compact .
#

Every finite subset of IN has a maximum . (Why' ?/

li [0
,
17 is compact. Proof : it follows from

Thm
.
3 .5 . 5 (Heine-Borel Theorem .

I
SSIR is compact iff S is closed and bounded.

Proof that compact => closed and bounded
I for the converse, see text) .

Assume SGIM is compact . Since the collection
& In ,

n) : ne/N3 covers IR
,
it also covers

5. Since S is compact, some subcollection

3) n
,
n) : n t B3,

where B is finite, covers So Let m = max Bo

Then (n
,
n) > (m

,
m) HnEB

,
so

5 nE(-n ,
n) = ( m

,
m)

.

S S is bounded below by m and above by
In a

To show S is closed
,
it suffices to show that

↓&SS
· Suppose not

: then IxCbd S
with XIS .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

⑤
Note that [x3= Xn , where Un : [x=n , X+Y] .

Define Un-IRWn : since each Vn is closed
,

each Un is open . Also, since
X*S

, we
have

SIRIEX3 = IR)(n)=IR
= Un -

So [UninE/N3 is an open cover
of S :

SinceSiscompact,
- a fine subsa

SSB Un .

But then, taking complements,

IRIS1/RVUn)= nVn
nEB nEB

= n[X- Y
,
X + Yn]

.

nEB

The intersection on the right equals [x=Ym1 X+Ym] ,
where m = max B .

But NX
,
Ym) = [X- Ym

,
X+ Ymd . So MX, Ym) lies

·utside of S
, contradiating the fact that XebdS ·

So bdSSS
,
so S is closed.

El



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

A
consequence

:

Theorem 3
.
5
.
6 .

(Bolzano-Weierstrass)
.
S3 IR has infinitely

many elements =>
either S is unbounded

,
or S

has at least one accumulation point in IR.

Proof omitted.


